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Abstract

A tutorial on supervised learning from the perspective of mathematical
optimization

by Justin Lovinger

Popular methods in supervised learning, from regression and neural networks to sup-

port vector machines, are commonly presented from the perspective of statistics or

biology. Instead, we present common techniques in supervised learning as applica-

tions of mathematical optimization and examine the practical benefits this perspective

brings.

Under the optimization perspective, linear regression is understood as the function

𝑓(𝑋) = 𝑋𝑊 + 𝑏⃗ that is trained by solving arg min𝑊 ,⃗𝑏 𝜉(𝑓(𝑋), 𝑌 ), where 𝑊 is a

weight matrix, 𝑋 is a matrix of training arguments, 𝑌 is a matrix of training targets,

and 𝜉 is an error function such as mean squared error.

Similarly, a multilayer perceptron neural network is understood as a function of

the form 𝑓(𝑋) = 𝑡𝑛−1(· · · (𝑡2(𝑡1(𝑋𝑊1 + 𝑏⃗)𝑊2) · · · )𝑊𝑛−1), where 𝑡𝑖 is the 𝑖𝑡ℎ transfer

function, 𝑊𝑖 is the 𝑖𝑡ℎ weight matrix, and 𝑛 is the number of layers. Under the

optimization perspective, training a multilayer perceptron is the same as training a

regression model: solve arg min𝑊1,𝑊2,...,𝑊𝑛−1 ,⃗𝑏 𝜉(𝑓(𝑋), 𝑌 ).

Mathematical optimization serves as the workhorse for training by solving the

arg min problem. Powerful optimization methods such as Broyden-Fletcher-Goldfarb-

Shanno (BFGS) and its limited-memory L-BFGS variant can efficiently solve this
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problem. The inclusion of line search or trust region techniques removes the need

for hand tuned learning rates and drastically improve performance and consistency.

Through the rapid training enabled by efficient optimization, more complex models

can be applied and larger datasets learned. Bigger data, faster real time learning,

and more effective image recognition are possible.

From the optimization perspective, explanation of models is simplified and im-

plementation is naturally modular and flexible. Optimization techniques are easily

reused between models. The development of a new generalization improving error

function is easily propagated to existing and future models. Datasets are better

learned and accuracy improved by easily applying, developing, and testing a multi-

tude of models. When supervised learning is performed from the optimization per-

spective, an equation with adjustable parameters or an error function is all that is

necessary to implement a new model and better solve problems in data science and

machine learning.
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Chapter 1

Introduction

Supervised learning algorithms are frequently inspired by statistics, probability, or

biology. From naive Bayes to neural networks. However, when translated into math-

ematics and computer code, original inspiration often proves cumbersome and unnec-

essary. The multilayer perceptron underwent a significant revival once the biological

inspiration of thresholds were replaced with the mathematical convenience of differ-

entiable transfer functions [1]. Once framed under the umbrella of mathematics and

computer science, supervised learning falls under the purview of mathematical opti-

mization, where the objective is to minimize the error of a model or otherwise provide

an optimal output.

When framed as applications of mathematical optimization, several facets of

supervised learning [2, 3, 4, 5, 6, 7] are simplified and models unified. Regres-

sion [8, 9, 10, 11, 12, 13] and multilayer perceptrons [1, 14, 15, 16, 17, 18] are

shown to be nearly equivalent. Decision trees [19, 20, 21, 22, 23, 24, 25, 26] are

portrayed as a specialized optimizer. Under this unification, the development of al-

gorithms is improved as techniques and code can be reused. An optimizer used for

regression is easily applied to a multilayer perceptron or radial basis function net-

work [27, 28, 29, 30, 31, 32].
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Mathematical optimization [33, 34, 35, 36, 37, 38, 39] is the process of finding

parameters that maximize or minimize a particular quantity. Formally,

arg min
𝑥⃗

𝑓(𝑥⃗) (1.1)

finds a parameter vector 𝑥⃗ that minimizes the quantity 𝑓(·). In machine learning,

optimization can minimize the error of a supervised learning model, or maximize the

utility or reward of a reinforcement learning model. Unsupervised learning models

are frequently developed as closed form approximations of optimization models.

When the equation to optimize is differentiable, as many machine learning models

are, powerful gradient optimization [33, 34, 35, 40, 41, 42] methods become available.

Newton [33, 43, 44, 45, 46], quasi-newton [33, 47, 48, 49, 50, 51, 52, 53], conju-

gant gradient [33, 40, 54, 55, 56, 57, 58, 59] and other optimizers can solve complex

optimization problems with alarming alacrity. It is the power of differentiable op-

timization, more than any other factor, that has enabled the modern explosion of

supervised learning, neural networks, and their application to big data.

When derivatives are unavailable, derivative-free methods, such as Nelder-Mead

downhill simplex [60, 33, 61, 62, 63, 64, 65] or genetic algorithms [61, 65, 66, 67,

68, 69, 70], are still capable of general optimization. However, in the absence of

heuristic information provided by derivatives, performance suffers drastically. To

compensate, specialized algorithms are often developed and applied to solve particular

non-differentiable problems. Examples include the ID3 [23] algorithm for training the

inequality based decision tree model [19, 20, 21].

The following chapters will examine several optimization algorithms, supervised

learning models, and their interaction and performance. Gradient descent and line

search are discussed and details provided. Multiple derivative-free optimizers are
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also included. Implementation of a number of state-of-the-art supervised learning

models are shown from the optimization perspective, including derivatives for gradient

optimization. With these details, the development of a fully featured supervised

learning library with many models and optimizers is possible. To further aid optimizer

and model selection for practical supervised learning, comprehensive optimizer and

model comparisons are provided and discussed. Notes on mathematical notation used

throughout this report are given in Appendix A.
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Chapter 2

Gradient Optimization

Utilizing the slope information of differentiable functions, we can effectively slide down

the landscape of an objective function 𝑓 , one step at a time, settling in basins of low

error. The simplest application of gradient descent moves parameters 𝑥⃗ directly down

the direction of the objective derivative 𝑓 ′, a.k.a. gradient: −𝑓 ′(𝑥⃗). While this first

derivative information provides significant optimization improvements over derivative-

free optimization, even greater performance can be achieved with second, or higher,

derivatives. These Newton methods can converge to optimal or near-optimal parame-

ters several times faster than first derivative, or steepest descent, methods. However,

second derivatives are often slow or infeasible to calculate. An effective compromise

is quasi-Newton methods, which approximate second-derivatives without direct cal-

culation. Quasi-Newton optimization algorithms are highly refined and capable of

rapid convergence with few iterations and fast calculation. Low memory variants

allow for effective second derivative Hessian approximation on problems with thou-

sands of parameters, where the 𝑛2 elements Hessian is normally infeasible for high 𝑛

parameters.

Finding a step direction 𝑝 is only the first step of a gradient descent iteration.

Next, we must know how far to move parameters in the step direction. We must find

the step size 𝛼. A naive implementation of gradient descent simply provides a static

𝛼, that is the same every iteration. However, this provides poor performance. On

some iterations, high 𝛼 can massively overshoot, passing over a basin of attraction
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and ending up in a poor region of the objective landscape. On other iterations, low

𝛼 may make little difference. A slightly better, but still naive, implementation starts

with high 𝛼 and gradually reduces 𝛼 every iteration. This implementation relies on

the assumption that earlier iterations require high 𝛼 and later iterations benefit from

low 𝛼. However, this assumption is frequently false, especially with Newton and

quasi-Newton methods, which have an optimal 𝛼 = 1 near an optima.

An effective solution is line-search [33, 71, 72, 73, 74, 75, 76], where several step

sizes are examined through a organized algorithm that quickly converges to an effec-

tive 𝛼. Although this requires multiple objective function evaluations, the benefit of

finding an effective 𝛼 frequently outweighs the additional cost.

Note that most line search methods require or benefit from an initial step size 𝛼0.

Consequently, several methods exist for determining an initial step size, frequently

using information from previous optimization iterations. A typical line search opti-

mization iteration involves:

1. Find a step direction.

2. Find an initial step size, typically using previous optimization iterations and

the current step direction.

3. Find a step size, typically using an initial step size and the current step direction.

The trust region [33, 77, 78, 79, 80, 81, 82] alternative to line search postulates

that the gradient at a point 𝑥⃗ is only useful in a small region around 𝑥⃗. Beyond this

trust region, the gradient cannot be trusted. Therefore, the length of an optimization

step 𝛼𝑝 should not exceed the trust region. Formally, ‖𝛼𝑝‖ ≤ Δ, where Δ is trust
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region. With this requirement, we can reformulate the optimization problem (1.1) as

arg min
𝑥⃗

𝑓(𝑥⃗)

s.t. ‖𝛼𝑘𝑝𝑘‖ ≤ Δ𝑘∀𝑘 (2.1)

where subscript 𝑘 denotes an optimization iteration. In other words, trust region

optimization minimizes an objective function 𝑓 and includes a constraint that the

length of each step never exceeds its trust region. Note that presentations of trust

region methods typically eschew the 𝛼 variable, implicitly presenting 𝑝 as 𝛼𝑝 because

𝛼 and 𝑝 are commonly discovered in tandem in a trust region method.

2.1 Step Direction

Obtaining a direction 𝑝 to move a given parameter vector 𝑥⃗, based on first or second

derivative information, is the core of gradient based optimization. With an effective

𝑝 we can guarantee eventual or immediate improvement in objective value. This

guarantee differentiates gradient optimization from derivative-free optimization and

allows rapid convergence.

2.1.1 Steepest Descent

Steepest descent [33, 83, 84, 85, 86, 87, 88] is the purest expression of gradient descent.

In steepest descent, step direction 𝑝 is simply the gradient of the objective function

𝑓 : 𝑝 = −𝑓 ′(𝑥⃗) given parameters 𝑥⃗. As a result, the optimization routine for steepest

descent is likewise simple, as shown in Algorithm 1. In lieu of further sophistication,

steepest descent moves the parameter vector 𝑥⃗ down the gradient of the objective

function until it settles in a basin of attraction, as defined by a small gradient. Most of

the implementation details of steepest descent lie in determining an effective step size.
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Algorithm 1 Steepest Descent
Given objective function 𝑓
𝑥⃗← a randomly generated initial parameter vector
while ‖𝑓 ′(𝑥⃗)‖ > a low value do ◁ Test for convergence

𝑝← −𝑓 ′(𝑥⃗)
𝛼← an effective step size given 𝑓 , 𝑥⃗, and 𝑝 ◁ See Section 2.2 for details
𝑥⃗← 𝑥⃗ + 𝛼𝑝

end while
return 𝑥⃗

However, the algorithms for finding step size are general to all gradient optimizers,

reusable between them, and are discussed in Section 2.2.

2.1.2 BFGS

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) [33, 76, 89, 90, 91, 92, 93] quasi-

Newton method improves upon steepest descent by utilizing second derivative infor-

mation of an objective function 𝑓 . However, unlike pure Newton methods, quasi-

Newton methods can quickly approximate the second derivative 𝑓 ′′ using first deriva-

tive 𝑓 ′ information from multiple optimization iterations. Iteration after iteration, a

quasi-Newton method improves its second derivative approximation 𝑓 ′′ until 𝑓 ′′ ≈ 𝑓 ′′.

With 𝑓 ′′, quasi-Newton methods avoid the need to directly calculate 𝑓 ′′, avoiding po-

tentially expensive calculations and easing implementation requirements. With 𝑓 ′′

or 𝑓 ′′, we can obtain an improved step direction −𝑓 ′(𝑥⃗)(𝑓 ′′(𝑥⃗)−1)𝑇 at point 𝑥⃗. To

avoid an expensive matrix inverse operation, most quasi-Newton methods directly

approximate the inverse 𝑓 ′′(·)−1.

Although other quasi-Newton methods exist, BFGS is a very popular and well

refined variant. The core of BFGS is its inverse Hessian approximation equation

𝑓 ′′(𝑥⃗𝑘)−1 = (𝐼 − 𝜌𝑘𝑠⃗𝑇
𝑘 𝑦⃗𝑘)𝑓 ′′(𝑥⃗𝑘−1)

−1(𝐼 − 𝜌𝑘𝑦⃗𝑇
𝑘 𝑠⃗𝑘) + (𝜌𝑘𝑠⃗𝑇

𝑘 𝑠⃗𝑘) (2.2)
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where 𝐼 is an identity matrix with the same dimensions as the Hessian of 𝑓 , 𝑥⃗ is a

parameter vector, subscript 𝑘 denotes a variable from the 𝑘𝑡ℎ optimization iteration,

𝑠⃗𝑘 = 𝑥⃗𝑘 − 𝑥⃗𝑘−1, 𝑦⃗𝑘 = 𝑓 ′(𝑥⃗𝑘) − 𝑓 ′(𝑥⃗𝑘−1), and 𝜌𝑘 = 1/(𝑠⃗𝑘 · 𝑦⃗𝑘). Note that 𝑓 ′′(𝑥⃗𝑘−1)
−1

can be cached for performance and 𝑓 ′′(𝑥⃗0)
−1 = 𝐼 for the first optimization iteration.

With an approximate inverse Hessian 𝑓 ′′(𝑥⃗𝑘)−1, we can supplement the gradient 𝑓 ′

to obtain an improved step direction 𝑝𝑘 = −𝑓 ′(𝑥⃗𝑘)(𝑓 ′′(𝑥⃗𝑘)−1)
𝑇

. A full optimization

procedure with BFGS is given in Algorithm 2. Note that periodically resetting the

Algorithm 2 BFGS
Given objective function 𝑓
𝑥⃗0 ← a randomly generated initial parameter vector
𝑘 ← 0
while ‖𝑓 ′(𝑥⃗𝑘)‖ > a low value do ◁ Test for convergence

if 𝑘 = 0 then
𝐻𝑘 ← 𝐼 ◁ 𝑓 ′′(𝑥⃗0) = 𝐼

else
𝐻𝑘 ← 𝑓 ′′(𝑥⃗𝑘) (2.2)

end if
𝑝𝑘 ← −𝑓 ′(𝑥⃗𝑘)𝐻𝑇

𝑘

𝛼𝑘 ← an effective step size given 𝑓 , 𝑥⃗𝑘, and 𝑝𝑘 ◁ See Section 2.2 for details
𝑥⃗𝑘+1 ← 𝑥⃗𝑘 + 𝛼𝑘𝑝𝑘

𝑘 ← 𝑘 + 1
end while
return 𝑥⃗𝑘

approximate inverse hessian 𝐻𝑘 to identity 𝐼 is important for non-convex problems

where the approximation can lose accuracy over time.

2.1.3 L-BFGS

Although the Hessian information can drastically improve convergence time, 𝑓 ′′(𝑥⃗)

requires the storage and computation 𝑛2 elements, where 𝑛 is the number of elements

in a parameter vector 𝑥⃗. When 𝑛 is large, as is true for complex supervised learning

models and even simple models on big data problems, calculating 𝑓 ′′(𝑥⃗) is infeasible.

However, when calculating a Newton or quasi-Newton step direction for 𝑥⃗, the Hes-
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sian 𝑓 ′′(𝑥⃗) is not intrinsically essential. We can sidestep the problem of calculating

𝑓 ′′(𝑥⃗) by algorithmically approximating the product 𝑓 ′(𝑥⃗)(𝑓 ′′(𝑥⃗)−1)𝑇 from previous

optimization iterations.

When the 𝑓 ′(𝑥⃗)(𝑓 ′′(𝑥⃗)−1)𝑇 product is approximated from the BFGS rule, the

resulting algorithm is designated: limited-memory BFGS (L-BFGS) [33, 94, 95, 96, 97,

98, 99]. The L-BFGS approximated step direction procedure is given in Algorithm 3.

Using Algorithm 3, a full L-BFGS optimizer is derived and presented in Algorithm 4.

2.2 Line Search

An optimal step size 𝛼 > 0 minimizes the quantity 𝑓(𝑥⃗ + 𝛼𝑝) and is formalized as

arg min
𝛼

𝑓(𝑥⃗ + 𝛼𝑝) (2.3)

where 𝑓 is an objective function, 𝑥⃗ is a parameter vector for 𝑓 , and 𝑝 is a step

direction. However, solving this minimization problem every optimization iteration

is unnecessarily slow. Instead, line search uses fast heuristic based methods to find

an effective, if not optimal, 𝛼.

The sufficient decrease, or Armijo, condition [33, 100, 101, 102, 103] is a simple to

calculate heuristic stating that decrease in objective value should be justified by the

magnitude of a step. Formally, the sufficient decrease condition is given by

𝑓(𝑥⃗ + 𝛼𝑝) ≤ 𝑓(𝑥⃗) + 𝑐1𝛼(𝑝 · 𝑓 ′(𝑥⃗)) (2.4)

where 𝑐1 ∈ (0, 1) is a sufficient decrease strictness parameter. This condition is

satisfied when the decrease in objective value, given by 𝑓(𝑥⃗ + 𝛼𝑝) − 𝑓(𝑥⃗), exceeds a

combination of step size and the directional objective function derivative 𝑝·𝑓 ′(𝑥⃗). Note
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Algorithm 3 L-BFGS Hessian Gradient Product
𝑘 ← current optimization iteration
Given objective function 𝑓 ,
memory limit 𝑚,
a sequence of stored parameter differences 𝑠⃗𝑘−𝑚+1 . . . 𝑠⃗𝑘,
and a sequence of stored gradient differences 𝑦⃗𝑘−𝑚+1 . . . 𝑦⃗𝑘

𝑟⃗ ← 𝑓 ′(𝑥⃗𝑘) ◁ Running result for 𝑓 ′(𝑥⃗)(𝑓 ′′(𝑥⃗)−1)𝑇

𝑖← 𝑘
while 𝑖 > 𝑘 −𝑚 do ◁ Backwards pass from newest iteration to oldest stored

𝜌𝑖 ← 1/(𝑠⃗𝑖 · 𝑦⃗𝑖)
𝛼𝑖 ← 𝜌𝑖𝑠⃗𝑖 · 𝑟⃗
𝑟⃗ ← 𝑟⃗ − 𝛼𝑖𝑠⃗𝑖

𝑖← 𝑖− 1
end while

if 𝑘 > 0 then ◁ Not first optimization iteration
𝑟⃗ ← 𝑠⃗𝑘·𝑦⃗𝑘

𝑦⃗𝑘·𝑦⃗𝑘
𝑟⃗ ◁ Analogue for initial Hessian in BFGS

end if

𝑖← 𝑘 −𝑚 + 1
while 𝑖 ≤ 𝑘 do ◁ Forwards pass from oldest stored iteration to newest

𝑟⃗ ← 𝑟⃗ + 𝑠⃗𝑖(𝛼𝑖 − 𝜌𝑖(𝑦⃗𝑖 · 𝑟⃗))
𝑖← 𝑖 + 1

end while

return 𝑟⃗
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that this presentation of the sufficient decrease condition assumes a minimization, not

maximization, problem. Effectively, this condition states that, the greater the step

size, the more the objective value should decrease.

A second condition, intended to prevent unreasonably small 𝛼, compliments the

sufficient decrease condition. The curvature condition [33, 104, 105], given a strictness

parameter 𝑐2 ∈ (𝑐1, 1),

𝑓 ′(𝑥⃗ + 𝛼𝑝) · 𝑝 ≥ 𝑐2𝑓
′(𝑥⃗) · 𝑝 (2.5)

examines the slope of 𝑓 and dictates that, if the slope is steeply negative at a given 𝑥⃗,

𝛼 can safely increase. This implicitly provides a lower bound on 𝛼 that complements

the implicit upper bound provided by the sufficient decrease condition. Collectively,

the sufficient decrease and curvature conditions are known as the Wolfe conditions.

Consistently selecting 𝛼 that satisfies (2.4) and (2.5) is an essential component of

numerous numerical optimization convergence proofs. In other words, the Wolfe

conditions lead to fast and consistent optimization when paired with compatible op-

timizers.

2.2.1 Backtracking Line Search

A simple but effective method for obtaining step size 𝛼 is backtracking line search [33,

100, 106, 107, 108, 109, 110, 111, 112], based on the sufficient decrease condition (2.4).

This technique begins with an initial, typically high, 𝛼 and gradually decreases it until

the sufficient decrease condition is met. This condition provides an effective and easy

to calculate heuristic to quickly find a satisfactory 𝛼, and because it is easier to satisfy

as 𝛼 decreases, the backtracking method will eventually satisfy it.

Backtracking line search is detailed in Algorithm 5. Although this algorithm

requires a number of hyperparameters, these hyperparameters are flexible and easy

to assign in practice. The sufficient decrease strictness parameter 𝑐1 is typically given

11



Algorithm 4 L-BFGS
Given objective function 𝑓
𝑥⃗0 ← a randomly generated initial parameter vector
𝑘 ← 0
while ‖𝑓 ′(𝑥⃗𝑘)‖ > a low value do ◁ Test for convergence

if 𝑘 > 𝑚 then ◁ Memory limit reached, discard excess
Remove 𝑠⃗𝑘−𝑚 from memory
Remove 𝑦⃗𝑘−𝑚 from memory

end if
if 𝑘 > 0 then ◁ Not first optimization iteration

◁ Note that only 𝑥⃗𝑘, 𝑥⃗𝑘−1, 𝑓 ′(𝑥⃗𝑘), and 𝑓 ′(𝑥⃗𝑘−1) must be stored in memory
𝑠⃗𝑘 ← 𝑥⃗𝑘 − 𝑥⃗𝑘−1
𝑦⃗𝑘 ← 𝑓 ′(𝑥⃗𝑘)− 𝑓 ′(𝑥⃗𝑘−1)

end if
𝑝𝑘 ← −𝑟⃗, where 𝑟⃗ is calculated using Algorithm 3
𝛼𝑘 ← an effective step size given 𝑓 , 𝑥⃗𝑘, and 𝑝𝑘 ◁ See Section 2.2 for details
𝑥⃗𝑘+1 ← 𝑥⃗𝑘 + 𝛼𝑘𝑝𝑘

𝑘 ← 𝑘 + 1
end while
return 𝑥⃗𝑘

Algorithm 5 Backtracking Line Search
Given sufficient decrease strictness parameter 𝑐1,
and backtracking rate 𝜌 ∈ (0, 1)

Given objective function 𝑓 ,
parameter vector 𝑥⃗,
and step direction 𝑝

𝛼← initial step size 𝛼0 ◁ See Section 2.2.3 for details
while Sufficient decrease condition (2.4) is false given 𝛼, 𝑓 , 𝑝, and 𝑐1 do

𝛼← 𝜌𝛼
end while
return 𝛼
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a high value 𝑐1 ≈ 0.5. The backtracking rate 𝜌 is typically given a value 𝜌 ∈ [0.1, 0.8]

such as 𝜌 = 0.5. Decreasing 𝜌 leads to faster convergence but potentially worse step

size due to overshooting. Additionally, this line search requires a number of arguments

from the current optimization iteration: 𝑓 , 𝑥⃗, and 𝑝. Initial step size 𝛼0 can be

determined with a method detailed in Section 2.2.3 or elsewhere. The increment

previous step size method pairs especially well with backtracking line search. With

Newton and quasi-Newton methods, a static 𝛼0 = 1 can be effective because these

methods have optimal 𝛼 = 1 near an optima.

The simplicity of backtracking line search makes it a popular line search method.

It is particularly effective with well scaled optimizers such as Newton optimizers,

where 𝛼 varies little between optimization iterations. With steepest descent and

conjugate gradient optimizers, backtracking line search is ineffective because these

methods may require 𝛼 > 𝛼0, making choice of 𝛼0 problematic when paired with the

varying required 𝛼 of these poorly scaled optimizers. Backtracking line search is more

effective with quasi-Newton than steepest descent methods, but less effective than

with Newton methods. Although quasi-Newton optimizers are eventually well scaled,

once the Hessian is well approximated and behavior resembles Newton optimizers,

they closer resemble steepest descent during earlier iterations.

2.2.2 Wolfe Line Search

Wolfe line search [33, 113, 114] is an alternative to the backtracking method with

greater flexibility and frequently better performance. Based on the Wolfe condi-

tions (2.4) and (2.5), this approach can quickly generate any 𝛼 ∈ (0, 𝛼max), for a

given max step size 𝛼max, regardless of initial step size. The Wolfe line search con-

sists of two phases. The first phase increases 𝛼 while examining 𝑓 with regard to 𝛼,

until bounds on 𝛼 are discovered that satisfy the sufficient decrease condition. The
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second phase then refines 𝛼 within its given bounds, returning 𝛼 that satisfies both

the sufficient decrease and curvature conditions.

Wolfe line search is detailed in Algorithm 6. Note that an upper limit on itera-

tions for Wolfe line search and the zoom procedure may be necessary given numerical

precision errors of floating point computer operations. As with backtracking line

search, Wolfe line search relies on the sufficient decrease condition and has a corre-

sponding strictness hyperparameter 𝑐1. Wolfe line search can manage a significantly

stricter 𝑐1 ≈ 1e−4 = 0.0001. Unlike backtracking line search, Wolfe line search uti-

lizes the curvature condition and has a corresponding strictness hyperparameter 𝑐2.

A relatively high 𝑐2 ≈ 0.9 is effective in practice. Wolfe line search also requires a

number of arguments from the current optimization iteration: 𝑓 , 𝑥⃗, and 𝑝. Initial step

size 𝛼0 can be determined with a method detailed in Section 2.2.3 or elsewhere. Wolfe

line search is a robust method, able to quickly determine an effective 𝛼 regardless of

𝛼0. This makes it a popular method for poorly scaled optimizers such as steepest

descent and conjugate gradient. When paired with such optimizers, an interpolating

quadratic or first-order change initial step is effective to further overcome the varying

required 𝛼 of these optimizers, and unlike backtracking line search, Wolfe line search

can return 𝛼 > 𝛼0, mitigating any problematically small 𝛼0 returned by interpolating

quadratic or first-order change.

2.2.3 Initial Step Size

Most line search methods operate by incrementally adjusting a step size until their cri-

teria is met. Consequently, a starting point is required. The following are techniques

for quickly approximating an effective step size. These techniques are not intended

to immediately generate effective step sizes but rather return educated guesses with
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Algorithm 6 Wolfe Line Search
Given sufficient decrease strictness parameter 𝑐1,
curvature strictness parameter 𝑐2,
and Wolfe increment rate 𝑟 > 1

Given objective function 𝑓 ,
parameter vector 𝑥⃗,
and step direction 𝑝

𝑖← 0
𝛼−1 ← 0
𝛼0 ← initial step size ◁ See Section 2.2.3 for details
loop

if (𝑖 > 0 and 𝑓(𝑥⃗ + 𝛼𝑖𝑝) ≥ 𝑓(𝑥⃗ + 𝛼𝑖−1𝑝))
or sufficient decrease condition (2.4) is false given 𝛼𝑖, 𝑓 , 𝑝, and 𝑐1 then

return wolfe_zoom(𝛼𝑖−1, 𝛼𝑖) ◁ See Algorithm 7
end if
if |𝑓 ′(𝑥⃗ + 𝛼𝑖𝑝) · 𝑝| ≤ −𝑐2𝑓

′(𝑥⃗) · 𝑝 then
return 𝛼𝑖

end if
if 𝑓 ′(𝑥⃗ + 𝛼𝑖𝑝) · 𝑝 ≥ 0 then

return wolfe_zoom(𝛼𝑖, 𝛼𝑖−1) ◁ See Algorithm 7
end if
𝛼𝑖+1 ← 𝑟𝛼𝑖 ◁ Or increase 𝛼𝑖 by interpolating between 𝛼𝑖 and a given max 𝛼.
𝑖← 𝑖 + 1

end loop
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Algorithm 7 Wolfe Line Search Procedures
function wolfe_zoom(𝛼𝑙𝑜, 𝛼ℎ𝑖) ◁ such that 𝑓(𝑥⃗ + 𝛼𝑙𝑜𝑝) < 𝑓(𝑥⃗ + 𝛼ℎ𝑖𝑝)

loop
◁ Get 𝛼 between 𝛼𝑙𝑜 and 𝛼ℎ𝑖. Common techniques are bisect,

quadratic interpolation, and cubic interpolation.
𝛼← bisect(min(𝛼𝑙𝑜, 𝛼ℎ𝑖), max(𝛼𝑙𝑜, 𝛼ℎ𝑖))
if 𝑓(𝑥⃗ + 𝛼𝑝) ≥ 𝑓(𝑥⃗ + 𝛼𝑙𝑜𝑝) or (2.4) is false given 𝛼, 𝑓 , 𝑝, and 𝑐1 then

𝛼ℎ𝑖 ← 𝛼
else ◁ 𝛼 is an improvement

if |𝑓 ′(𝑥⃗ + 𝛼𝑝) · 𝑝| ≤ −𝑐2𝑓
′(𝑥⃗) · 𝑝 then

return 𝛼
end if
if (𝛼ℎ𝑖 − 𝛼𝑙𝑜)(𝑓 ′(𝑥⃗ + 𝛼𝑝) · 𝑝) ≥ 0 then

𝛼ℎ𝑖 ← 𝛼𝑙𝑜

end if
𝛼𝑙𝑜 ← 𝛼

end if
end loop

end function

function bisect(Lower value 𝑎, higher value 𝑏 ≥ 𝑎)
return 𝑎 + 0.5(𝑏− 𝑎)

end function
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minimal computation. These initial step sizes can then be refined with an appropriate

line search.

An analogue for backtracking line search, that pairs perfectly with it, is the in-

crement previous step size method [33]. While backtracking decreases step size until

the sufficient decrease condition is met, the increment method for initial step size

increases the step size used in the previous optimization iteration by a fixed factor

𝑟 > 1, and uses it as the initial step size 𝛼0 for the current iteration 𝑘.

𝛼0𝑘 = 𝑟𝛼𝑘−1 (2.6)

where subscript 𝑘 denotes a value for the 𝑘𝑡ℎ optimization iteration. A lower bound

𝑙 and upper bound 𝑢 on 𝛼0 can optionally constrain 𝑙 ≤ 𝛼0 ≤ 𝑢:

𝛼0𝑘 = max(𝑙, min(𝑢, 𝑟𝛼𝑘−1)) (2.7)

Effective 𝑟 varies greatly with corresponding line search method. When paired with

backtracking line search, incrementing slightly more than one backtracking step with

no upper bound is effective in practice: 𝑟 = 2
𝜌
−1, where 𝜌 is backtracking rate. When

paired with Wolfe line search, small 𝑟 = 1.05 and upper bound 𝑢 = 1 is appropriate,

because Wolfe line search can return 𝛼 > 𝛼0. Upper bound 𝑢 = 1 is important for

Newton and quasi-Newton methods, where 𝛼 = 1 is eventually always effective, but is

less useful for other optimizers. If paired with backtracking line search and a Newton

or quasi-Newton optimizer, a lower bound 𝑙 = 1 is important because low 𝛼 may

not satisfy the curvature condition. However, note that no lower bound guarantees

the curvature condition is satisfied. For the first iteration, when previous step size is

undefined, 𝛼0 can arbitrarily equal 1.
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Another, slightly more sophisticated, method for approximating 𝛼0 is to assume

that the first-order change is the same as the previous optimization iteration [33, 115]:

𝛼0 = 𝛼𝑘−1
𝑓 ′(𝑥⃗𝑘−1) · 𝑝𝑘−1

𝑓 ′(𝑥⃗𝑘) · 𝑝𝑘

(2.8)

which is derived from 𝛼0𝑓
′(𝑥⃗𝑘) · 𝑝𝑘 = 𝛼𝑘−1𝑓

′(𝑥⃗𝑘−1) · 𝑝𝑘−1. An advantage of the first-

order change strategy is that is requires no hyperparameters. This method is effective

for optimizers that produce step directions with varying magnitudes. Unlike the incre-

ment previous step method, the first-order change equation can produce significantly

different 𝛼0 every iteration, which is important when each optimization iteration re-

quires vastly different 𝛼.

Another method, that has similar use to the first-order change method, is the

interpolating quadratic [33, 115]. As the name implies, this strategy interpolates a

quadratic through 𝑓(𝑥⃗𝑘−1), 𝑓(𝑥⃗𝑘), and 𝑓 ′(𝑥⃗𝑘−1) · 𝑝𝑘−1, giving

𝛼0 = 2(𝑓(𝑥⃗𝑘)− 𝑓(𝑥⃗𝑘−1))
𝑓 ′(𝑥⃗𝑘) · 𝑝𝑘

(2.9)

Similar to the first-order change method, interpolating quadratic has no hyperparam-

eters and is effective on optimizers with poorly scaled 𝑝, such as steepest descent and

conjugate gradient.
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Chapter 3

Derivative-Free and Non-Smooth Optimization

When an objective function is differentiable, gradient optimization can quickly and

effectively find optima. However, several real and important problems are represented

by non-differentiable equations or simulations. Under these circumstances, alterna-

tives to direct gradient optimization must be explored

An approach that still utilizes the gradient descent techniques in Chapter 2 in-

volves approximating derivatives with finite differences. Given parameter vector 𝑥⃗

and objective function 𝑓 , we can approximate the 𝑖𝑡ℎ partial derivative of 𝑥⃗ as

𝑑𝑓

𝑑𝑥⃗𝑖

= 𝑓(𝑥⃗ + 𝜖𝑜⃗𝑖)− 𝑓(𝑥⃗− 𝜖𝑜⃗𝑖)
2𝜖

(3.1)

where 𝜖 is a small scalar and 𝑜⃗𝑖 is a vector with all 0 elements except for a single

1 for the 𝑖𝑡ℎ element. In other words, the partial derivative of an element in 𝑥⃗

is the difference obtained by a small perturbation in that element. Although this

technique is feasible for 𝑥⃗ with a small number of elements, the computation required

to approximate a single Jacobian 𝑓 ′(𝑥⃗) scales linearly with the length of 𝑥⃗. This

quickly becomes infeasible on problems with hundreds or thousands of parameters.

Alternatively, gradient descent is discarded, and alternative techniques that es-

chew derivatives entirely are utilized. Arguably the most popular derivative-free

optimizer is the genetic algorithm (GA) [61, 65, 66, 67, 68, 69, 70]. GA, inspired

by Darwinian evolution, combines and mutates parameter vectors selected by fit-

19



ness (objective function value), thereby stochastically increasing fitness over many

iterations.

Population-based incremental learning (PBIL) [116, 117, 118, 119, 120, 121] main-

tains a probability distribution for each element of a parameter vector, generates new

parameters by sampling from this set of probabilities, and adjusts the probability

distributions based on the objective value of each sample.

Gravitational search algorithm (GSA) [122, 123, 124, 125, 126, 127] maintains

a population of parameter vectors and moves these vectors through objective value

space by approximating the laws of gravitational attraction. Each parameter vec-

tor has mass proportional to its objective function value, thereby drawing low value

vectors towards higher value vectors. Semi-stochastic movement allows greater ex-

ploration of the problem space.

Without derivative information, gradient norm cannot be a stopping criteria. The

simplest stopping criteria commonly used in derivative-free optimization is a maxi-

mum number of iterations. Optimization continues for 𝑖max iterations, where 𝑖max

is a user defined maximum number of iterations. However, this can result in poor

performance if 𝑖max is too small or unnecessary computation if an optima is found in

an iteration significantly less than 𝑖max. Alternatively, optimization can stop after a

number of iterations 𝑖imprv without an improvement in objective value. With 𝑖imprv,

no more than 𝑖imprv iterations occur after an optima is found, and optimization can

continue as long as improvements are made. Finally, if bounds on objective value

are known a priori, optimization can stop when a near global optima 𝑥⃗ is found, as

defined by 𝑓(𝑥⃗) ≈ 𝑓(𝑥⃗*), where 𝑓(𝑥⃗*) is the objective value of a global optima.
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3.1 Genetic Algorithm

A genetic algorithm (GA) is made up of three core components: selection, crossover,

and mutation. Every iteration, parameter vectors with good objective value are

selected for crossover and resulting vectors may mutate. However, before this process

can begin, GA requires a population of multiple parameter vectors 𝑃 . An initial GA

population often consists of random vectors. Note that GA literature refers to these

parameter vectors as chromosomes and objective value as fitness.

Parameter vectors for GA are frequently binary, as defined by containing only 0

and 1 elements. However, just as computer circuits represent complex data, base 10

digits, and real numbers with binary, binary GA vectors can represent a variety of

data, including real number vectors. We do not differentiate between binary and real

GA vectors unless otherwise specified, with the understanding that binary vectors

can represent real vectors.

The high level GA optimization loop is given in Algorithm 8. GA continues this

process, combining and mutating vectors, to improve the objective value of vectors in

each population. After many iterations, the best discovered vector is returned. Note

that the best vector is not always in the last population. Tracking the best vector

over all iterations is necessary to return the best discovered.

A high population size 𝑛 ≥ 20 is recommended because most GA diversity comes

from initial population. Larger parameter vectors require larger populations for effec-

tive optimization. A high crossover chance 𝑝𝑐 ≈ 0.7 is recommended to further explo-

ration and exploitation between iterations. Choice of mutation chance 𝑝𝑚 depends

largely on choice of mutation function 𝑓𝑚. If 𝑓𝑚 incorporates its own probability, we

can set 𝑝𝑚 = 1 to instead rely on the mutation probability in 𝑓𝑚.
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Algorithm 8 Genetic Algorithm Optimization Loop
Given population size 𝑛,
crossover chance 𝑝𝑐,
mutation chance 𝑝𝑚,
selection function 𝑓𝑠,
crossover function 𝑓𝑐,
and mutation function 𝑓𝑚

◁ Initial population can contain binary vectors or real valued vectors
𝑃 ← an initial population of 𝑛 random vectors
while a stopping criteria is not met do ◁ Main optimization loop

𝑃𝑠 ← 𝑛 vectors in 𝑃 selected with 𝑓𝑠 ◁ Selection
𝑃 ← an empty list ◁ Begin crossover
for each pair of vectors 𝑥⃗1 and 𝑥⃗2 in 𝑃𝑠 do

if A random roll exceeds 𝑝𝑐 then ◁ Crossover with probability 𝑝𝑐

Add the results of 𝑓𝑐(𝑥⃗1, 𝑥⃗2) to 𝑃 ◁ Add two crossed vectors to 𝑃
else

Add 𝑥⃗1 and 𝑥⃗2 to 𝑃
end if

end for
for vector 𝑥⃗ ∈ 𝑃 do ◁ Begin mutation

if A random roll exceeds 𝑝𝑚 then ◁ Mutate with probability 𝑝𝑚

𝑓𝑚(𝑥⃗) ◁ Mutate 𝑥⃗
end if

end for
end while

return Vector 𝑥⃗ with best 𝑓(𝑥⃗) among all populations
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3.1.1 GA Selection

Selection is the primary GA mechanism that drives overall fitness improvement be-

tween iterations by selecting vectors with high objective value. By comparison,

crossover and mutation do not traditionally depend on objective value. The ex-

act mechanism by which vectors of good value are selected differentiates selection

functions.

A straightforward and popular mechanism for selecting vectors is roulette selec-

tion [128, 129, 130]. As the name implies, a virtual roulette wheel is spun to select a

vector for the next population. This process is repeated 𝑛 times to generate a pop-

ulation of 𝑛 vectors. By scaling the size of virtual roulette slices by vector objective

value, such that vectors with better value have larger slices, average objective value

of the selected population stochastically increases. The roulette selection procedure

is given in Algorithm 9.

Another selection function, popular for its simplicity and efficiency, is tournament

selection [131, 129, 130]. In tournament selection, 𝑡 random parameter vectors in

a population are selected and the vector with the best objective value is added to

the next population. This process is repeated 𝑛 times to generate a population of

𝑛 vectors. The tournament selection procedure is given in Algorithm 10. Note that

each participant objective value 𝑓(𝑝) can be cached to avoid repeat evaluations. A

simple tournament size 𝑡 = 2 is popular in practice.

3.1.2 GA Crossover

Once vectors are selected, we can further explore the problem space by combining

these vectors. Crossover takes elements from two vectors to return new vectors with

potentially better objective value. Crossover forms one half of the GA improvement
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Algorithm 9 Roulette Selection
Given a set of parameter vectors 𝑃 = 𝑥⃗1, . . . 𝑥⃗𝑛,
and objective function 𝑓

for 𝑖 = 1, . . . , 𝑛 do
𝑓𝑖 ← −𝑓(𝑥⃗𝑖) ◁ Negative for minimization problem

end for
𝑓𝑀 ← min(𝑓1, . . . , 𝑓𝑛)
for 𝑖 = 1, . . . , 𝑛 do

𝑓𝑖 ← 𝑓𝑖 − 𝑓𝑀 ◁ Scale each objective value to a positive number
end for
𝑓𝑆 ←

∑︀𝑛
𝑖=1 𝑓𝑖

for 𝑖 = 1, . . . , 𝑛 do
𝑝𝑖 ← 𝑓𝑖/𝑓𝑆 ◁ Convert objective values to probabilities, by scaling to a sum of 1

end for
𝑟0 ← 0
for 𝑖 = 1, . . . , 𝑛 do

𝑟𝑖 ← 𝑟𝑖−1 + 𝑝𝑖 ◁ Prepare probabilities for roulette
end for

function roulette
𝜁 ← a random number in range [0, 1]
for 𝑖 = 1, . . . , 𝑛 do

if 𝑟𝑖 ≥ 𝜁 then
return 𝑥⃗𝑖

end if
end for

end function
for 𝑖 = 1, . . . , 𝑛 do

𝑠⃗𝑖 ← roulette
end for
return 𝑠⃗1, . . . , 𝑠⃗𝑛

Algorithm 10 Tournament Selection
Given tournament size 𝑡,
a set of parameter vectors 𝑃 = 𝑥⃗1, . . . 𝑥⃗𝑛,
and objective function 𝑓
for 𝑖 = 1, . . . , 𝑛 do

𝑝1, . . . , 𝑝𝑡 ← 𝑡 randomly selected vectors in 𝑃 ◁ Get random participants
𝑠⃗𝑖 ← arg min𝑝∈𝑝1,...,𝑝𝑡

𝑓(𝑝) ◁ Select participant with best objective value
end for
return 𝑠⃗1, . . . , 𝑠⃗𝑛
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Figure 3.1: One-point crossover generating two child vectors from two parent vec-
tors [135]

mechanism, the other half being mutation. While mutation provides random explo-

ration of a problem space, crossover allows exploitation of existing high value vectors.

The traditional crossover mechanism that closely mirrors biological reproduction

is one-point crossover [132, 133, 134]. In one-point crossover, a random position

between two adjacent elements is selected. Elements from the first vector to the left

of this position is combined with element from the second vector to the right of this

position. Another vector can be formed from the inverse. One-point crossover is

depicted in Figure 3.1 and described in Algorithm 11. Note that subscript sequence

Algorithm 11 One-Point Crossover
Given parent vectors 𝑎⃗ and 𝑏⃗ ◁ where |⃗𝑎| ≤ |⃗𝑏| and | · | is the length of a vector
𝑐𝑝 ← a random integer in range [1, |⃗𝑎| − 1]
return 𝑎⃗1,...,𝑐𝑝 concatenated with 𝑏⃗𝑐𝑝+1,...,|⃗𝑏| and 𝑏⃗1,...,𝑐𝑝 concatenated with 𝑎⃗𝑐𝑝+1,...,|⃗𝑎|

𝑖, . . . , 𝑗 is a slice of the 𝑖𝑡ℎ element to the 𝑗𝑡ℎ element in a vector.

When adjacent elements of parameter vectors have little in common, one-point

crossover can perform poorly. An alternative that does not rely on adjacent similarity

in parameter vectors, is uniform crossover [136, 137, 138, 132]. In uniform crossover,

a virtual coin is flipped for each element. On heads, the element from the first parent

25



vector is added to the first child vector, and the corresponding element from the

second parent vector is added to the second child vector. On tails, the element from

the first parent vector is added to the second child vector, and the corresponding

element from the second parent vector is added to the first child vector. As such,

elements between the two parent vectors are randomly mixed into two new vectors.

The uniform crossover procedure is given in Algorithm 12.

Algorithm 12 Uniform Crossover
Given parent vectors 𝑎⃗ and 𝑏⃗ ◁ where |⃗𝑎| ≤ |⃗𝑏| and | · | is the length of a vector
for 𝑖 = 1, . . . , |⃗𝑎| do

if a random number in range [0, 1] ≤ 0.5 then
𝑐⃗𝑖 = 𝑎⃗𝑖

𝑑𝑖 = 𝑏⃗𝑖

else
𝑐⃗𝑖 = 𝑏⃗𝑖

𝑑𝑖 = 𝑎⃗𝑖

end if
end for

◁ If |⃗𝑏| > |⃗𝑎|, add remaining elements to 𝑑. Note that typically, |⃗𝑏| = |⃗𝑎|.
return 𝑐⃗ and 𝑑 concatenated with 𝑏⃗|⃗𝑎|+1,...,|⃗𝑏|

3.1.3 GA Mutation

While crossover can generate previously unexplored vectors, it cannot generate new

elements for a vector. For example, given a population of 3 binary vectors ⟨0, 1, 1⟩,

⟨0, 1, 0⟩, and ⟨0, 0, 1⟩, crossover will never generate a vector with 1 as the first element,

such as ⟨1, 1, 1⟩. Mutation fills this gap by randomly modifying elements of a vector.

Bit flip mutation [139, 140] examines every element of a binary vector and with

probability 𝑝𝑏, flips the bit from 0 to 1 or 1 to 0. Conversely, with probability 1−𝑝𝑏 the

element remains unchanged. The bit flip mutation procedure is given in Algorithm 13.

Bit flip mutation is an effective and simple mechanism for mutating binary vectors.
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Algorithm 13 Bit Flip Mutation
Given bit flip chance 𝑝𝑏

and vector 𝑥⃗
for 𝑖 = 1, . . . , |𝑥⃗| do ◁ where | · | is the length of a vector

if a random number in range [0, 1] ≤ 𝑝𝑏 then
𝑥⃗𝑖 = 1− 𝑥⃗𝑖

end if
end for

A relatively low mutation chance 𝑝𝑏 ≈ 0.05 is recommended to avoid negating the

objective value improving effect of selection.

For real valued vectors, an alternative to bit flip mutation is necessary. Gaussian

mutation [141] examines every element of a real valued vector and with probability

𝑝𝑔, adds a randomly generated real number drawn from a Gaussian distribution with

mean 0 and variance 𝑣, to the element. The Gaussian mutation procedure is given in

Algorithm 14. As with bit flip mutation, a relatively low mutation chance 𝑝𝑔 ≈ 0.05 is

Algorithm 14 Gaussian Mutation
Given mutation chance 𝑝𝑔,
Gaussian variance 𝑣,
and vector 𝑥⃗
for 𝑖 = 1, . . . , |𝑥⃗| do ◁ where | · | is the length of a vector

if a random number in range [0, 1] ≤ 𝑝𝑔 then
𝑥⃗𝑖 = 𝑥⃗𝑖+ a Gauss random number with mean 0 and variance 𝑣

end if
end for

recommended. Variance 𝑣 depends largely on problem. If small changes in parameter

values leads to large changes in objective value, 𝑣 should be small. Note that higher

𝑝𝑔 can be offset with lower 𝑣.

3.2 Population-Based Incremental Learning

Population-based incremental learning (PBIL) repeatedly samples random binary vec-

tors from a probability distribution 𝑝, where each element of 𝑝 is the probability that
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the corresponding element of a sampled binary vector is 1. Each iteration, a number

of parameter vector samples 𝑛𝑠 are generated and 𝑝 is adjusted closer to the best

parameter vector among samples at rate 𝛼, increasing the probability of generating

similar vectors in subsequent iterations. To discourage premature convergence, ele-

ments of 𝑝 are randomly mutated with probability 𝑝𝑚. When an element of 𝑝 mutates,

it is adjusted towards a random number in range [0, 1] at rate 𝛼𝑚.

The PBIL procedure is given in Algorithm 15. As with GA, larger parameter

vectors require more samples per iteration because of the larger problem space. Un-

like GA, PBIL does not rely on an initial population for diversity and is effective

with smaller numbers of samples. A relatively low adjustment rate 𝛼 ≈ 0.1 is recom-

mended to avoid premature convergence, allowing greater exploration of the problem

space before honing in on local optima. A mutation chance 𝑝𝑚 = 1/𝑛𝑝, where 𝑛𝑝 is

the number of parameters, is recommended for an average of 1 probability element

adjusted per iteration. A low mutation rate 𝛼𝑚 ≈ 𝛼/2 is recommended to avoid negat-

ing the objective value improving effect of adjusting probabilities towards high value

parameter vectors.

PBIL provides a simple and effective alternative to derivative-free optimizers like

GA. Despite the ease of implementing PBIL, it proves an efficient optimizer in prac-

tice, frequently outperforming more complicated optimizers like GA. PBIL does not

rely on a population of parameter vectors like GA or adjustments to an individual

vector like gradient descent, thereby allowing PBIL to more easily avoid local op-

tima and the low diversity traps that GA is susceptible to. PBIL is a good first

choice for derivative-free optimization because of its ease of implementation, simple

hyperparameters, and robust effectiveness.
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Algorithm 15 Population-Based Incremental Learning
Given number of parameters 𝑛𝑝,
Given number of samples per iteration 𝑛𝑠,
probability adjustment rate 𝛼,
mutation chance 𝑝𝑚,
mutation probability adjustment rate 𝛼𝑚,
and objective function 𝑓

for 𝑖 = 1, . . . , 𝑛𝑝 do ◁ Initialize 𝑝 with uniform probability
𝑝𝑖 = 0.5

end for
while a stopping criteria is not met do ◁ Main optimization loop

for 𝑖 = 1, . . . , 𝑛𝑠 do ◁ Generate random samples
for 𝑗 = 1, . . . , 𝑛𝑝 do ◁ Generate a random binary vector

if a random number in range [0, 1] ≤ 𝑝𝑗 then
𝑆𝑖𝑗 = 1

else
𝑆𝑖𝑗 = 0

end if
end for

end for
◁ Adjust 𝑝 towards best parameter vector

𝑝← (1− 𝛼)𝑝 + 𝛼 arg min𝑥⃗=𝑆1,...,𝑆𝑛𝑠
𝑓(𝑥⃗) ◁ arg min for minimization problem

for 𝑖 = 1, . . . , 𝑛𝑝 do ◁ Mutate 𝑝
if a random number in range [0, 1] ≤ 𝑝𝑚 then

𝑝𝑖 = (1− 𝛼𝑚)𝑝𝑖 + 𝛼𝑚× a random number in range [0, 1]
end if

end for
end while

return Vector 𝑥⃗ with best 𝑓(𝑥⃗) among all samples in all iterations
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3.3 Gravitational Search Algorithm

Gravitational search algorithm (GSA) is inspired by the gravitational motion of bod-

ies in free space, as dictated by Newton’s laws. Each iteration, small adjustments

are made to an initially random population of vectors, as opposed to generating com-

pletely new solutions from iteration to iteration as GA and PBIL does. GSA draws

low value vectors towards high value vectors as a form of exploitation, as depicted in

Figure 3.2.

In GSA, every parameter vector has a mass proportional to its objective value. As

in natural physics, bodies attract one another, higher mass bodies attract more and

are less affected by the attraction of other bodies. This mechanism alone can quickly

cause all bodies to converge towards the best value bodies. Unless global optima lies

along the path of one of these bodies, this results in premature convergence to a local

optima. To encourage exploration of the problem space, the summation of force on a

body and the velocity update for a body is randomized. Specifically, the total force

on a body in one dimension is given as

𝐹𝑖𝑗(𝑡) =
𝑛𝑏∑︁

𝑏=1
𝜁𝐹𝑏𝑗(𝑖, 𝑡) where 𝑏 ̸= 𝑖 (3.2)

where 𝐹𝑖𝑗(𝑡) is the total force on body 𝑖 in dimension 𝑗 at time step 𝑡, 𝜁 is a random

number in range [0, 1], 𝐹𝑏𝑗(𝑖, 𝑡) is the force of body 𝑏 on body 𝑖 in dimension 𝑗 at time

step 𝑡, and 𝑛𝑏 is the number of bodies. As such, the force that each body applies to

every other body in each dimension is randomized, as depicted in Figure 3.3.

The velocity update is likewise randomized for each body by taking a random

fraction of its velocity in each dimension and adding its acceleration in that dimension

𝑉𝑖𝑗(𝑡 + 1) = 𝜁𝑉𝑖𝑗(𝑡) + 𝐴𝑖𝑗(𝑡) (3.3)
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Figure 3.2: Vectors drawn towards high objective value in GSA [142]

Figure 3.3: Movement of bodies in GSA — Two bodies of equal mass, equidistant in
the 𝑥 and 𝑦 dimension, are depicted. The force for each dimension is equal according
to Newton’s laws, unlike GSA [135].
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where 𝑉𝑖𝑗(𝑡) is the velocity vector of body 𝑖 in dimension 𝑗 at time step 𝑡, 𝜁 is a random

number in range [0, 1], and 𝐴𝑖𝑗(𝑡) is the acceleration vector of body 𝑖 in dimension

𝑗 at time step 𝑡. As such, bodies may randomly stop or slow down in any direction

between time steps.

The GSA optimization procedure, containing further details, is given in Algo-

rithm 16. A high initial gravity 𝑔0 ≈ 100 is recommended to offset low initial

velocity. As bodies gain momentum, gravity can rapidly decrease at a gravity re-

duction rate 𝛼 ≈ 20. Lower and upper bounds are problem specific. The narrowest

bounds that are likely to contain an optimal solution should be chosen. As with op-

timizers like GA and PBIL, larger parameter vectors require more bodies to explore

the larger problem space.

GSA is designed to excel in real value parameter spaces. In non-smooth and

binary problem spaces, GSA will suffer. Note that binary variants of GSA exist, but

are not explored in this work [123].
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Algorithm 16 Gravitational Search Algorithm
Given number of parameters 𝑛𝑝,
number of bodies 𝑛𝑏,
a set of lower bounds 𝑙1, . . . , 𝑙𝑛𝑝

a set of upper bounds 𝑢1, . . . , 𝑢𝑛𝑝

initial gravity 𝑔0
gravity reduction rate 𝛼
max time 𝑇 ◁ Also known as max iterations
and objective function 𝑓

for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Initialize bodies 𝐵, a.k.a. parameter vectors
for 𝑗 = 1, . . . , 𝑛𝑝 do ◁ Initialize body 𝐵𝑖

𝐵𝑖𝑗 ← a random number in range [𝑙𝑗, 𝑢𝑗]
end for

end for
for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Initialize body velocities 𝑉

𝑉𝑖 ← 0⃗ ◁ Initialize veclocity to vector containing 𝑛𝑝 0 elements
end for
𝑡 = 1 ◁ Also known as iteration
while a stopping criteria is not met do ◁ Main optimization loop

𝑔 ← 𝑔0𝑒
−𝛼 𝑡

𝑇 ◁ Update gravity 𝑔, where 𝑒 is Euler’s number
𝑚⃗← scaled_masses(𝐵, 𝑓) ◁ See Algorithm 17
𝐹 ← force_vectors(𝑔, 𝐵, 𝑚⃗, ⌊𝑛𝑏 − (𝑛𝑏 − 1) 𝑡

𝑇
⌋) ◁ See Algorithm 17

for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Get acceleration vector applied to each body
𝐴𝑖 ← 𝐹𝑖

𝑚⃗𝑖

end for
for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Update velocity of each body

for 𝑗 = 1, . . . , 𝑛𝑝 do
𝜁 ← a random number in range [0, 1]
𝑉𝑖𝑗 ← 𝜁𝑉𝑖𝑗 + 𝐴𝑖𝑗

end for
end for
for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Update position of each body

𝐵𝑖 ← 𝐵𝑖 + 𝑉𝑖

for 𝑗 = 1, . . . , 𝑛𝑝 do ◁ Constrain body to lower and upper bounds
𝐵𝑖𝑗 ← max(𝑙𝑗, min(𝑢𝑗, 𝐵𝑖𝑗))

end for
end for
𝑡 = 𝑡 + 1 ◁ Increment time step

end while

return arg min𝐵𝑖∈𝐵1,...,𝐵𝑛𝑏
𝑓(𝐵𝑖) ◁ Return body with best objective value
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Algorithm 17 Gravitational Search Algorithm Procedures
function scaled_masses(bodies 𝐵, objective function 𝑓)

𝑛𝑏 ← number of bodies and rows in 𝐵
for 𝑖 = 1, . . . , 𝑛𝑏 do

𝑓𝑖 ← −𝑓(𝐵𝑖) ◁ Negative for minimization problem
end for
𝑓min ← min(𝑓1, . . . , 𝑓𝑛𝑏

)
𝑓max ← max(𝑓1, . . . , 𝑓𝑛𝑏

)
for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Get masses from objective values

𝑚⃗𝑖 ← 𝑓𝑖−𝑓min
𝑓max−𝑓min

end for
𝑚⃗sum ←

∑︀𝑛𝑏
𝑖=1 𝑚⃗𝑖

for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Scale masses to a sum of 1
𝑚⃗𝑖 ← 𝑚⃗𝑖

𝑚⃗sum
end for
return 𝑚⃗

end function

function force_vectors(gravity 𝑔, bodies 𝐵, masses 𝑚⃗, number of bodies to
apply force 𝑘)

𝑛𝑏 ← number of bodies and rows in 𝐵
𝑛𝑝 ← number of parameters in each body
for 𝑖 = 1, . . . , 𝑛𝑏 do

𝐹𝑖 ← 0⃗ ◁ Initialize force vector on each body to 0 vector
end for
for 𝑖 = 1, . . . , 𝑛𝑏 do ◁ Get force vector applied to each body

for 𝑏 ∈ indices of 𝑘 bodies with greatest mass do
if 𝑏 ̸= 𝑖 then

for 𝑗 = 1, . . . , 𝑛𝑝 do ◁ Apply force from 𝑘 best bodies
𝜁 ← a random number in range [0, 1]
𝐹𝑖𝑗 ← 𝐹𝑖𝑗 + 𝜁𝑔 𝑚⃗𝑏𝑚⃗𝑖

‖𝐵𝑏−𝐵𝑖‖2+𝜖
(𝐵𝑏𝑗 −𝐵𝑖𝑗) ◁ where 𝜖 is a small scalar

end for
end if

end for
end for
return 𝐹

end function
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Chapter 4

Supervised Learning

Supervised learning methods can be decomposed into a model mapping arguments

to predictions and a training method for adjusting the parameters of this model to

maximize accuracy or minimize error. The model component is easily represented as

a function 𝑓 . When predictions 𝑌 are required, 𝑓(𝑋) = 𝑌 , where 𝑋 is a matrix

of model arguments. Once a model is represented as a function, training is a simple

application of mathematical optimization: arg min𝑃 𝜉(𝑓(𝑋), 𝑌 ), where 𝑃 is a set of

adjustable model parameters, 𝑋 is a matrix of training arguments, 𝑌 is a matrix of

training targets, and 𝜉 is an error function such as mean squared error. Note that

𝑃 may need linearization into a vector for application with most optimizers, such

as gradient optimizers. Parameters for our examined models are presented in their

natural form but may need linearization when implemented.

Any set of parameters can be linearized without affecting performance because,

with rare exception, an optimizer does not depend on the order or configuration of

elements in its parameter vector. Even when an optimizer is affected by the config-

uration of its parameters, such as a genetic algorithm, parameters can be arranged

to compliment the optimizer. To demonstrate linearization, given weight matrix 𝑊

and bias vector 𝑏⃗, these parameters can be linearized as

⟨
𝑊11, 𝑊12, . . . , 𝑊1𝑛, 𝑊21, 𝑊22, . . . , 𝑊2𝑛, . . . , 𝑊𝑚𝑛, 𝑏⃗1, 𝑏⃗2, . . . , 𝑏⃗𝑚

⟩
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where matrix subscript 𝑖𝑗 denote the element in the 𝑖𝑡ℎ row and 𝑗𝑡ℎ column, and

vector subscript 𝑖 denote the 𝑖𝑡ℎ element.

4.1 Regression

Regression in its pure simplicity is an excellent example of supervised learning from

the perspective of mathematical optimization. Each regression variant is a model

described by a function mapping an argument matrix 𝑋 to an output matrix 𝑌 . The

regression model contains a number of parameters that can be adjusted to improve the

models fit on a given dataset. These parameters are typically portrayed as a weight

matrix and bias vector. Some presentations of regression take an argument vector

and return a single scalar, which requires a weight vector and bias scalar. Note that

most regression models can replace bias parameters with extra weight parameters by

including an extra element with a constant value of 1 in the argument vector of each

pattern, a.k.a. row of 𝑋.

4.1.1 Linear Regression

A linear regression model [8, 9, 10] is a function

𝑓(𝑋) = 𝑋𝑊 + 𝑏⃗ (4.1)

where 𝑊 is a 𝑛𝑥 × 𝑛𝑦 weight matrix and 𝑏⃗ is a bias vector with 𝑛𝑦 elements, where

𝑛𝑥 is the number of columns in 𝑋 and attributes in the dataset and 𝑛𝑦 is the number

of columns in 𝑌 . This model is trained by optimizing the training objective

𝑓𝑡(𝑋, 𝑌 ) = 𝜉(𝑓(𝑋), 𝑌 ) (4.2)
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with regard to model parameters 𝑊 and 𝑏⃗:

arg min
𝑊 ,⃗𝑏

𝑓𝑡(𝑋, 𝑌 ) (4.3)

where 𝑋 is a matrix of training arguments, 𝑌 is a matrix of training targets, and 𝜉

is an error function such as mean squared error. That is to say, this linear regression

model is trained by adjusting its parameters with the goal of minimizing error between

the result of 𝑓 on a matrix of training arguments 𝑋 and corresponding training targets

𝑌 . When the model has low error, we say it is well trained an has converged on its

given dataset.

While many optimizers function effectively without derivative information, provid-

ing the derivative of the optimization problem (4.2) allows for impressively effective

optimization through gradient based optimizers such as BFGS. The derivatives of the

linear regression training objective (4.2) with regard to model parameters are:

𝑑𝑓𝑡

𝑑𝑊
= 𝑋𝑇 𝜉′(𝑓(𝑋), 𝑌 ) = 𝑋𝑇 𝜉′(𝑋𝑊 + 𝑏⃗, 𝑌 ) (4.4)

and
𝑑𝑓𝑡

𝑑𝑏
=

𝑚∑︁
𝑖=1

𝜉′(𝑓(𝑋), 𝑌 )𝑖 =
𝑚∑︁

𝑖=1
𝜉′(𝑋𝑊 + 𝑏⃗, 𝑌 )𝑖 (4.5)

where 𝜉′ is the derivative of the models error function and matrix subscript 𝑖 selects

the 𝑖𝑡ℎ row of the matrix. Note that 𝜉′ is a Jacobian and is further explored in

Section 4.4. Furthermore, because 𝜉′(𝑋) is a scalar function, we ignore the first

dimension of its Jacobian, and consider the Jacobian an 𝑚𝑦 × 𝑛𝑦 matrix, where 𝑚𝑦

is the number of rows in 𝑌 and 𝑛𝑦 is the number of columns in 𝑌 .
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4.1.2 Logistic Regression

Logistic regression is identical to linear regression with the exception of the function

is represents:

𝑓(𝑋) = 1
1 + 𝑒−(𝑋𝑊 +𝑏⃗)

(4.6)

where 𝑒 is Euler’s number, and the matrix exponential 𝑒𝑀 is defined as an element-

wise exponential on a matrix 𝑀 . Effectively, logistic regression is a linear re-

gression model 𝑋𝑊 + 𝑏⃗ passed to a logit function logit(𝑥) = 1
1+𝑒−𝑥 , resulting in

logit(𝑋𝑊 + 𝑏⃗) = 1
1+𝑒−(𝑋𝑊 +𝑏⃗) . Training of a logistic regression model is the same as

linear regression, using equations (4.2) and (4.3), differing only by function 𝑓 . The

derivatives of the logistic regression training objective with regard to model parame-

ters are:

𝑑𝑓𝑡

𝑑𝑊
= 𝑋𝑇 𝑓 ′(𝑋)⊙ 𝜉′(𝑓(𝑋), 𝑌 ) = 𝑋𝑇 𝑒𝑋𝑊 +𝑏⃗

(1 + 𝑒𝑋𝑊 +𝑏⃗)2 ⊙ 𝜉′
(︃

1
1 + 𝑒−(𝑋𝑊 +𝑏⃗)

, 𝑌

)︃
(4.7)

and

𝑑𝑓𝑡

𝑑𝑏
=

𝑚∑︁
𝑖=1

(𝑓 ′(𝑋)⊙ 𝜉′(𝑓(𝑋), 𝑌 ))𝑖 =
𝑚∑︁

𝑖=1

⎛⎝ 𝑒𝑋𝑊 +𝑏⃗

(1 + 𝑒𝑋𝑊 +𝑏⃗)2 ⊙ 𝜉′
(︃

1
1 + 𝑒−(𝑋𝑊 +𝑏⃗)

, 𝑌

)︃⎞⎠
𝑖

(4.8)

where ⊙ is a Hadamard, a.k.a., element-wise, product. Note that both derivatives

have 𝑒𝑋𝑊 +𝑏⃗

(1+𝑒𝑋𝑊 +𝑏⃗)
2 ⊙ 𝜉′

(︁
1

1+𝑒−(𝑋𝑊 +𝑏⃗) , 𝑌
)︁
, the majority of each equation, in common, al-

lowing for improved performance when calculated together.

While linear regression is effective for regression problems, where training targets

can be a wide range of continuous values, logistic regression is effective for classifica-

tion problems where targets can be represented as one-hot vectors such as ⟨1, 0, 0⟩.

The logit function constrains outputs to the range [0, 1], allowing logistic regression

to easily match one-hot vectors.
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4.2 Multilayer Perceptron

The popular multilayer perceptron (MLP) [1, 14, 15, 16, 17, 18] neural network is a

staple of supervised learning. An MLP is a function of the form

𝑓(𝑋) = 𝑡𝑛−1(· · · (𝑡2(𝑡1(𝑋𝑊1 + 𝑏⃗)𝑊2) · · · )𝑊𝑛−1) (4.9)

where 𝑡𝑖 is the 𝑖𝑡ℎ transfer function and 𝑊𝑖 is the 𝑖𝑡ℎ weight matrix. MLP is typically

described as having layers of neurons, which can be presented with a shape hyperpa-

rameter (𝑠0, 𝑠1, . . . , 𝑠𝑛−1), where 𝑛 is the number of layers. The shape hyperparameter

directly corresponds to the shape of each layers output: 𝑠𝑖 corresponds to the number

of columns in the matrix outputted by the 𝑖𝑡ℎ layer; 𝑠0 is the number of columns

in 𝑋 and the number of attributes accepted by the model; and 𝑠𝑛 is the number of

columns in 𝑌 and the number of targets values outputted by the model. To support

these layer outputs, the number of rows in 𝑊𝑖 is 𝑠𝑖−1 and the number of columns in

𝑊𝑖 is 𝑠𝑖. Additionally, 𝑏⃗ has 𝑠1 elements.

As with logistic regression, training an MLP model is the same as linear regression,

using equation (4.2) and solving

arg min
𝑊1,𝑊2,...,𝑊𝑛−1 ,⃗𝑏

𝑓𝑡(𝑋, 𝑌 ) =

arg min
𝑊1,𝑊2,...,𝑊𝑛−1 ,⃗𝑏

𝜉(𝑡𝑛−1(· · · (𝑡2(𝑡1(𝑋𝑊1 + 𝑏⃗)𝑊2) · · · )𝑊𝑛−1), 𝑌 ) (4.10)

Note that (4.10) differs only from the linear regression optimization problem (4.3) by

the parameters they optimize. The derivatives of the MLP training objective with
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regard to model parameters are:

𝑑𝑓𝑡

𝑑𝑊𝑛−1
= 𝑡𝑛−2(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−2)𝜉′(𝑡𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1), 𝑌 )

𝑡′
𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1)

𝑑𝑓𝑡

𝑑𝑊𝑛−2
= 𝑡𝑛−3(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−3)𝜉′(𝑡𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1), 𝑌 )

𝑡′
𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1)𝑊 𝑇

𝑛−1𝑡
′
𝑛−2(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−2)

· · ·
𝑑𝑓𝑡

𝑑𝑊1
= 𝑋

𝜉′(𝑡𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1), 𝑌 )𝑡′
𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1)

𝑊 𝑇
𝑛−1𝑡

′
𝑛−2(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−2)

· · ·

𝑊 𝑇
2 𝑡′

1(𝑋𝑊1 + 𝑏⃗)

𝑑𝑓𝑡

𝑑𝑏
=

𝑚∑︁
𝑖=1

⎛⎝𝜉′(𝑡𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1), 𝑌 )

𝑡′
𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1)

𝑊 𝑇
𝑛−1𝑡

′
𝑛−2(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−2)

· · ·

𝑊 𝑇
2 𝑡′

1(𝑋𝑊1 + 𝑏⃗)
⎞⎠

𝑖

(4.11)

However, naive calculation of these derivatives requires a significant amount of com-

putation. Thankfully, all of these derivatives share many common components that

lead to the development of the backpropagation algorithm [143, 144], given in Algo-

rithm 18.
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Algorithm 18 MLP Backpropagation
Given argument matrix 𝑋,
target matrix 𝑌 ,
error function 𝜉,
a set of 𝑛− 1 weight matrices 𝑊1, . . . , 𝑊𝑛−1
and bias vector 𝑏⃗

𝑁0 ←𝑋
𝑇1 ←𝑋𝑊1 + 𝑏⃗
𝑁1 ← 𝑡1(𝑇1)
𝑖← 2

◁ Calculate output of MLP 𝑓(𝑋) while saving intermediary operations
while 𝑖 < 𝑛 do

𝑇𝑖 ←𝑁𝑖𝑊𝑖

𝑁𝑖+1 ← 𝑡𝑖(𝑇𝑖)
𝑖← 𝑖 + 1

end while

𝐽𝑛−1 ← 𝜉(𝑁𝑛, 𝑌 )𝑡′
𝑛−1(𝑇𝑛−1) ◁ 𝑁𝑛 = 𝑓(𝑋)

𝑖← 𝑛− 2
while 𝑖 > 0 do ◁ Calculate common components of each weight matrix derivative

𝐽𝑖 ← 𝐽𝑖+1𝑊
𝑇
𝑖+1𝑡

′
𝑖(𝑇𝑖)

𝑖← 𝑖− 1
end while

𝑖← 0
while 𝑖 < 𝑛 do ◁ Finalize derivatives with non-common components

𝑑
𝑑𝑊𝑖
←𝑁𝑇

𝑖−1𝐽𝑖

𝑖← 𝑖 + 1
end while
𝑑

𝑑𝑏
← ∑︀𝑚

𝑖=1 𝐽1𝑖 ◁ Sum rows of 𝐽1
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Backpropagation efficiently calculates all MLP derivatives (4.11) through a three

pass strategy. The first pass calculates the MLP output 𝑓(𝑋) while caching the

argument and output of each transfer function for use in the second and third passes.

The second pass calculates the common components of each derivative:

𝐽𝑛−1 = 𝜉′(𝑡𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1), 𝑌 )𝑡′
𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1)

𝐽𝑛−2 = 𝜉′(𝑡𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1), 𝑌 )𝑡′
𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1)

𝑊 𝑇
𝑛−1𝑡

′
𝑛−2(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−2)

· · ·

𝐽1 = 𝜉′(𝑡𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1), 𝑌 )𝑡′
𝑛−1(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−1)

𝑊 𝑇
𝑛−1𝑡

′
𝑛−2(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−2) · · ·𝑊 𝑇

2 𝑡′
1(𝑋𝑊1 + 𝑏⃗)

Note that only the series of layer arguments

𝑋, 𝑡1(𝑋𝑊1 + 𝑏⃗), 𝑡2(𝑡1(𝑋𝑊1 + 𝑏⃗)𝑊2), . . . , 𝑡𝑛−2(· · · (𝑡1(𝑋𝑊1 + 𝑏⃗) · · · )𝑊𝑛−2)

are missing from these incomplete derivatives. The third and final pass multiplies

these missing components with corresponding incomplete derivatives. The bias vector

𝑏⃗ instead multiplies a vector of ones 1⃗ with 𝐽1, which is equivalent to a summation

of rows ∑︀𝑚
𝑖=1 𝐽1𝑖.

Without transfer functions, MLP would reduce to a linear regression model. The

only requirement for a transfer function is non-linearity. However, useful transfer func-

tions are also continuous and differentiable. Furthermore, choice of transfer functions

can greatly change the prior or a MLP model and thereby affect accuracy and training

time. The state-of-the-art in MLP transfer functions use softplus [145, 146, 147] for

transfer layers other than the last, a linear or lack of transfer function for the last layer
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Figure 4.1: Transfer functions — Output of linear, logistic, hyperbolic tangent, soft-
plus, and softmax transfer functions. Softmax is calculated on a [𝑥, 0] vector, and
each element of softmax(𝑥) is depicted on the y axis as dictated by [coordinate]. Note
that logistic and the first element of softmax overlap for the given softmax vector.

on regression problems, and softmax transfer [148] for the last layer on classification

problems. Logistic and hyperbolic tangent transfer functions have been historically

popular but have recently lost popularity in favor of softplus. These transfer functions

are depicted in Figure 4.1. Note that, when applied to a matrix, softmax is applied

to each row of the matrix and other transfer function are applied to each element of

the matrix.

4.3 Radial Basis Function Network

A radial basis function network (RBF) [27, 28, 29, 30, 31, 32] differentiates itself from

models like linear regression and MLP through the addition of clustering.

During training the model domain is clustered using 𝑋, providing a matrix of

cluster centers 𝐶. When an RBF network is activated, the similarity between each

center 𝑐⃗ ∈ 𝐶 and each argument vector 𝑥⃗ ∈ 𝑋 is calculated by a similarity function

𝜑, giving a similarity matrix 𝑆 = 𝜑(𝑋, 𝐶), where each row 𝑆𝑖 in 𝑆 is the similarity
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between each 𝑐⃗ ∈ 𝐶 and 𝑋 𝑖. The RBF output is given by

𝑓(𝑋) = 𝜑(𝑋, 𝐶)𝑊 + 𝑏⃗ (4.12)

Note the resemblance to linear regression. An RBF model is effectively a combination

of clustering and linear regression. More precisely, the output component of RBF is

a linear regression model using outputs of the clustering component as arguments.

A similarity function is a radial basis function 𝜑(·, ·) that satisfies the condition

𝜑(⃗𝑎1, 𝑏⃗) ≥ 𝜑(⃗𝑎2, 𝑏⃗) for all 𝑎⃗1, 𝑎⃗2, 𝑏⃗ ∈ R𝑛 given ‖𝑎⃗1 − 𝑏⃗‖ < ‖𝑎⃗2 − 𝑏⃗‖ (4.13)

A similarity function does not decrease in value when distance between its arguments

𝑎⃗ and 𝑏⃗ decreases. Useful, but not necessary, conditions for a similarity function are:

it is continuous; it monotonically increases in value as distance decreases. A similarity

function is maximized when ‖𝑎⃗ − 𝑏⃗‖ = 0 and minimized when ‖𝑎⃗ − 𝑏⃗‖ = ∞. Note

that, as a radial basis function, a similarity function also has the condition that its

value depends only on the distance between its arguments.

A popular similarity function is the Gaussian

𝜑(⃗𝑎, 𝑏⃗) = 𝑒−( ‖𝑎⃗−𝑏⃗‖2
𝑣

) (4.14)

where 𝑣 is a variance parameter. With this Gaussian similarity function, 𝜑(⃗𝑎, 𝑏⃗)

approaches 1 as the distance between 𝑎⃗ and 𝑏⃗ approaches 0. Conversely, 𝜑(⃗𝑎, 𝑏⃗)

rapidly approaches 0 as distance approaches ∞.

Normalizing similarity between an 𝑥⃗ ∈𝑋 and each 𝑐⃗ ∈ 𝐶 to a sum of 1 improves

the consistency of a similarity function. A Normalized similarity function, called on
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𝑥⃗ and 𝑐⃗

𝜑𝑛(𝑥⃗, 𝑐⃗) = 𝜑(𝑥⃗, 𝑐⃗)∑︀
𝑐⃗∈𝐶 𝜑(𝑥⃗, 𝑐⃗) (4.15)

divides each similarity by the sum of all relevant similarities. Normalizing similarity

can improve generalization performance by providing a smooth transition between

cluster centers.

Training RBF requires two separate phases and optimizers. The first phase per-

forms clustering on 𝑋 to obtain 𝐶. The number of rows in 𝐶 is an RBF hyper-

parameter that determines the number of columns in 𝑆 = 𝜑(𝑋, 𝐶) and effectively

reduces dimensionality for the subsequent regression operation.

The second phase is a linear regression model that replaces 𝑋 with 𝜑(𝑋, 𝐶).

As with linear regression, the second phase of RBF is trained using equations (4.2)

and (4.3), differing only by function 𝑓 . The derivatives of the RBF training objective

with regard to 𝑊 and 𝑏⃗ are:

𝑑𝑓𝑡

𝑑𝑊
= 𝑋𝑇 𝜉′(𝑓(𝑋), 𝑌 ) = 𝑋𝑇 𝜉′(𝜑(𝑋, 𝐶)𝑊 + 𝑏⃗, 𝑌 ) (4.16)

and
𝑑𝑓𝑡

𝑑𝑏
=

𝑚∑︁
𝑖=1

𝜉′(𝑓(𝑋), 𝑌 )𝑖 =
𝑚∑︁

𝑖=1
𝜉′(𝜑(𝑋, 𝐶)𝑊 + 𝑏⃗, 𝑌 )𝑖 (4.17)

which are the linear regression derivatives (4.4) and (4.5) with 𝑋 replaced by 𝜑(𝑋, 𝐶).

4.4 Error Functions

Under the mathematical optimization perspective, an error function 𝜉 is an indepen-

dent and reusable component of the supervised learning training process. An error

function used for the optimization of one model is easily applied to another, with-

out modification. This has the substantial benefits of generating reusable code and
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allowing extension of existing models by devising new error functions, as is seen in

Section 4.5.

Note that classification problems are often formulated with discrete labels for

targets. When applying numerical methods, like optimization, it is often useful or

necessary to convert these discrete labels into one-hot vectors. A one-hot vector has

length 𝑛 where 𝑛 is the number of classes. A one-hot vector has exactly one non-

zero element. The non-zero element is 1. The coordinate of the non-zero element

corresponds to a unique label. For example, given a classification problem with two

labels FOO and BAR, one-hot vectors are generated as

one-hot(label) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⟨1, 0⟩ if label = FOO

⟨0, 1⟩ if label = BAR
(4.18)

The common mean squared error (MSE) [149, 150, 151, 152, 153] function is

simply given as

mse(𝑌 , 𝑌 ) = mean((𝑌 − 𝑌 )2) (4.19)

where 𝑌 is a matrix of predictions provided by the activation of a model, 𝑌 is a

matrix of ground truth targets, matrix square 𝑀 2 squares each element of 𝑀 , and

mean(𝑀) =
∑︀𝑚

𝑖=1

∑︀𝑛

𝑗=1 𝑀𝑖𝑗

𝑚𝑛
for a matrix 𝑀 with 𝑚 rows and 𝑛 columns. Note that

matrix subscript 𝑀𝑖𝑗 denotes the element of 𝑀 in row 𝑖 and column 𝑗. With gradient

based optimizers, the derivative of mse is essential for high performance:

mse′(𝑌 , 𝑌 ) = 𝑑mse
𝑑𝑌

= 2
𝑚𝑛

(𝑌 − 𝑌 ) (4.20)

MSE is arguably the most common error function in supervised learning. It provides

an intuitive and general definition of error, defining error as the squared difference
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between actual and expected values. Additionally, the derivative of MSE is simple

and smooth.

An alternative to MSE with similar use cases is mean absolute error (MAE) [154,

155, 152, 156, 157]

mae(𝑌 , 𝑌 ) = mean(abs(𝑌 − 𝑌 )) (4.21)

where abs is element-wise absolute value. MAE has the derivative

mae′(𝑌 , 𝑌 ) = 𝑑mae
𝑑𝑌

= sign(𝑌 − 𝑌 )
𝑚𝑛

(4.22)

where

sign(𝑥) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1 if 𝑥 < 0

0 if 𝑥 = 0

1 if 𝑥 > 0

(4.23)

for scalar argument 𝑥 and is applied to each element of a given matrix. MAE pro-

vides a straightforward and simple definition of error, defining error as the difference

between actual and expected values. However, the derivative of MAE is non-smooth,

leading to jagged problem spaces that are difficult to optimize. This is a signifi-

cant detriment for gradient based optimizers, but is less important for non-smooth

derivative free optimizers.

4.5 Support Vector Machine

The support vector machine (SVM) [158, 159, 160, 161, 162] method is a model

originally designed for classification. SVM is designed under the theory that max-

imizing the margin between separated samples improves generalization accuracy in

classification problems, as depicted in Figure 4.2.
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Figure 4.2: SVM maximizing the margin between its decision boundary and samples
used as support vectors [163].

Using a regression model, such as those seen in Section 4.1, SVM is trained to

minimize an error that is robust to outliers and creates an effective decision boundary.

This use of a unique error function, such as epsilon insensitive loss [164, 165] for

regression problems or hinge loss [166, 167, 168] for classification, differentiates SVM

from regression models. Note that, while SVM traditionally uses a regression model,

any model compatible with error functions can be an SVM model.

One effective error function for SVM is hinge loss (HL)

hl(𝑦, 𝑦) = max(0, 1− 𝑦𝑦) (4.24)
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where the target value 𝑦 is expected to be one of −1 or 1, and the predicted value 𝑦

should likewise scale to the range [−1, 1]. The hinge loss derivative is

hl′(𝑦, 𝑦) = 𝑑hl
𝑦

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−𝑦 if 𝑦𝑦 < 1

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(4.25)

Note that unlike our presentation of MSE and MAE, hinge loss is defined for scalar

arguments. Traditional hinge loss is only defined for binary classifiers. However, we

can extend it to multi-class problems and multiple samples by taking the hinge loss

of corresponding elements in 𝑌 and 𝑌 , returning the mean

HL(𝑌 , 𝑌 ) = mean(max(0, 1− 𝑌 ⊙ 𝑌 )) (4.26)

where ⊙ is the Hadamard, a.k.a., element-wise, product, and max is applied to each

element of a matrix. The derivative of this multi-class HL is

𝑑HL
𝑌 𝑖𝑗

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−𝑌 𝑖𝑗

𝑚𝑛
if 𝑌 𝑖𝑗𝑌 𝑖𝑗 < 1

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(4.27)

where subscript 𝑖𝑗 is the element in the 𝑖𝑡ℎ row and 𝑗𝑡ℎ column, 𝑚 is the number

of rows in 𝑌 , and 𝑛 is the number of columns in 𝑌 . Note the piecewise derivative

where the partial derivative of each element depends only on that element and its

corresponding element in 𝑌 .

4.6 Non-Traditional Optimization and Decision Trees

Models such as regression and multilayer perceptrons effectively fit into the role of

traditional mathematical optimization because their models are differentiable, al-
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lowing fast parameter training with gradient optimizers. However, some supervised

learning models are non-differentiable and are not traditionally trained with gradient

descent based methods. The function for a decision tree [19, 20, 21] model con-

sists of if-else statements and inequalities, making differentiation infeasible. While

derivative-free optimizers are capable of optimizing the parameters of such a model,

they are inefficient without specialized information. To circumvent this issue, spe-

cialized algorithms, such as ID3 [22, 23], are developed to train decision trees, and

similar algorithms exist for other non-differentiable models. Although these special-

ized algorithms are not commonly referred to as derivative-free optimizers, they fit

the definition, and under the umbrella of supervised learning from the perspective of

mathematical optimization, they are treated as such.
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Chapter 5

Supervised Learning Comparison and Results

Through empirical tests we examine the performance of various optimizers, models,

and error functions. Robust tests with many datasets and models reveal the typi-

cal performance of different optimizers and aid in optimizer selection when solving

supervised learning problems. A comparison of models with tuned hyperparameters

on a variety of datasets show their strengths and weaknesses, aiding in model selec-

tion. Models, error functions, and gradient optimizers are provided by the Learning

python library [169]. Derivative-free optimizers are provided by the Optimal python

library [170].

5.1 Datasets

The AND dataset is a simple boolean dataset consisting of all length two combinations

of ⟨0, 1⟩ labeled by 𝑥⃗1 AND 𝑥⃗2, where 𝑥⃗ is the attribute vector of a sample. The AND

dataset is displayed in Figure 5.1.

The XOR dataset is a simple boolean dataset consisting of all length two combi-

nations of ⟨0, 1⟩ labeled by 𝑥⃗1 XOR 𝑥⃗2, where 𝑥⃗ is the attribute vector of a sample.

The XOR dataset is displayed in Figure 5.1.

The popular iris dataset [171] contains real value attributes describing various

characteristics of a flower: sepal width, septal length, petal width, and petal length.

The goal is to classify a flower into three types of iris. The iris dataset provides a

light challenge with low dimensionality and low noise.
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Figure 5.1: Each sample 𝑥⃗ in AND dataset (left) and XOR dataset (right)

The Wisconsin breast cancer diagnostic dataset (Cancer) [171] contains real valued

attributes of cell nuclei measured from images of fine needle aspirate from breast mass.

The goal is to classify each mass as malignant or benign. The cancer dataset provides

a moderate classification challenge with medium dimensionality.

The Haberman’s survival dataset (HM) [171] is a medical dataset predicting sur-

vival of patients after breast cancer surgery. It contains integer attributes for patient

age, year of operation, and detected positive axillary nodes. The goal is to classify

whether the patient dies within 5 years of surgery or survives.

The yeast dataset [171] contains real valued attributes describing a yeast cell. The

goal is to classify the localization site of protein for each cell, as given by a discrete

set of sites.

California housing (CH) [172, 173, 174, 175] is a regression dataset predicting

house value based on neighborhood and house statistics. Attributes are obtained

using all block groups in California from the 1990 census.
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The US postal service hand-written digit dataset (USPS) [176] contains 16 × 16

grey-scale images of hand written digits, gathered at the Center of Excellence in

Document Analysis and Recognition (CEDAR) at SUNY Buffalo, as part of a project

sponsored by the US postal service. Images are scanned from post office mail and

contain a multitude of writers and styles. USPS is a medium dimensional image

datasets with a low number of classes.

The CMU Pose, Illumination, and Expression dataset (PIE) [177] is an image

classification dataset containing facial images of 68 people in 13 different poses, 43

different illumination conditions, and with 4 different expressions. The PIE dataset

benchmarked here is a subset of the original containing 67 people in the frontal

view pose, under 21 illumination conditions with background light off, and a neutral

expression. Images are made grey scale and scaled to 30 × 30 pixels. This dataset

aims to predict the person. PIE is our most challenging benchmark dataset, given its

high dimensional problem space and many classes.

Table 5.1 presents the problem type of each dataset, number of samples in the

dataset, number of samples in the training set, attributes in each sample, and number

of classes or regression values. For classification datasets, the training set is given an

even distribution of classes.

5.2 Optimizer Comparison

Improving supervised learning performance allows for larger models and the solution

of larger and more complex problems. Details of a model can affect training time in

addition to generalization accuracy. However, there is often a tradeoff between model

complexity and accuracy. On a complex problem, a large model may be necessary.

Reducing the complexity of a model to improve training time is not ideal. Thankfully,
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Table 5.1: Benchmark Datasets

Dataset Type Samples Training
Samples Attributes Classes /

Outputs
AND Boolean Classification 4 4 2 2
XOR Boolean Classification 4 4 2 2
Iris Classification 150 90 4 3
Cancer Classification 569 280 30 2
HM Classification 306 100 3 2
Yeast Classification 1484 50 8 10
CH Regression 20640 500 8 1
USPS Image Classification 11000 500 256 10
PIE Image Classification 1407 670 900 67

choice of optimizer and error function can drastically affect the convergence time of

a supervised learning model.

Tables 5.2 and B.1 compare various optimizers detailed in Chapters 2 and 3 and

error functions detailed in Sections 4.4 and 4.5. Mean squared error (MSE), mean

absolute error (MAE), and hinge loss (HL) are examined. Each optimizer and error

function (𝜉) is used to train a number of models detailed in Chapter 4 on a number of

datasets given in Section 5.1. Image classification datasets are excluded because opti-

mizing these large datasets with an inefficient optimizer is extremely computationally

expensive. Note that HL is not tested with regression datasets.

Models are trained until convergence, as defined by ‖𝜉′(𝑓(𝑋), 𝑌 )‖ < 4e−4, where

𝑓 is a function giving model predictions, 𝑋 is an argument matrix, and 𝑌 is a target

matrix. If training exceeds 10,000 iterations, or 200 iterations without improvement,

training is stopped pre-maturely.

Full results are given in Table B.1. Objective function evaluations 𝜉𝑐 plus the

evaluations of its derivative 𝜉′
𝑐, error 𝜉(𝑓(𝑋), 𝑌 ) after training on the training set,

and gradient norm (‖𝜉′(𝑓(𝑋), 𝑌 )‖) after training on the training set, to indicate

degree of convergence, are given.
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Linear regression (LinReg), logistic regression (LogReg), multilayer perceptron

(MLP), and radial basis function network (RBF) models are trained. Note that

LogReg is not evaluated on regression datasets. The number of MLP hidden neurons

are given in parenthesis and SM is given in parenthesis if softmax is used as the output

layer. Softplus is used for hidden layers. Note that MLP with SM is not evaluated

on regression datasets. The number of RBF clusters is given in parenthesis. Cluster

centers are obtained with k-means clustering [178, 179, 180, 181, 182, 183, 184, 185]

and normalized (4.15) Gaussian similarity (4.14) is used for similarity.

Steepest descent (SD), Broyden-Fletcher-Goldfarb-Shanno (BFGS), and limited-

memory BFGS (L-BFGS) are utilized. Line search method, such as backtracking

line search (B) and Wolfe line search (W), are given in parenthesis. Initial step size

method, such as increment previous step (I), first-order change (F), and interpolating

quadratic (Q), is given in parenthesis.

Derivative-free genetic algorithm (GA) with a population size of 100 binary vec-

tors, tournament selection, one-point crossover, and bit flip mutation; population-

based incremental learning (PBIL) with 100 samples per iteration; and gravitational

search algorithm (GSA) with 100 bodies, lower bound of −50 and upper bound of 50

for each parameter are benchmarked. GA and PBIL decode every 24 sequential bits

into a real number in the range [−50, 50].

Optimizers use hyperparameters recommended in their respective sections unless

otherwise stated. In addition to these state-of-the-art optimizers, a random opti-

mizer that generates 100 random vectors, with each element in the range [−50, 50],

is included to provide baseline performance for the comparison.

For easier interpretation, Table 5.2 provides results aggregated over all models

and datasets. Every error function and optimizer in Table B.1 is presented and mean

iterations, MSE, and gradient norm are presented.
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Table 5.2: Aggregate Optimizer Comparison

𝜉 Optimizer Mean
𝜉𝑐 + 𝜉′

𝑐

Mean
𝜉(𝑓(𝑋), 𝑌 )

Mean
‖𝜉′(𝑓(𝑋), 𝑌 )‖

MSE

SD(B(I)) 13184.18 0.079 0.001
SD(W(I)) 15080.58 0.079 0.001
SD(W(F)) 11593.07 0.079 0.001
SD(W(Q)) 12537.01 0.080 0.001
BFGS(B(I)) 1240.29 0.082 0.001
BFGS(W(I)) 1289.84 0.078 0.000
BFGS(W(F)) 1495.53 0.078 0.000
BFGS(W(Q)) 994.30 0.078 0.000
L-BFGS(B(I)) 3839.21 0.096 0.000
L-BFGS(W(I)) 3007.10 0.076 0.000
L-BFGS(W(F)) 2900.93 0.078 0.000
L-BFGS(W(Q)) 3365.53 0.076 0.001
GA 36363.71 473.935 143.961
PBIL 77810.03 2.404 0.157
GSA 68744.47 0.147 0.100
Random 31292.41 8401.204 980.512

MAE

SD(B(I)) 11500.63 0.209 0.053
SD(W(I)) 31492.08 0.201 0.050
SD(W(F)) 30335.89 0.196 0.041
SD(W(Q)) 33298.52 0.197 0.049
BFGS(B(I)) 34791.75 0.203 0.227
BFGS(W(I)) 129917.21 0.178 0.147
BFGS(W(F)) 112808.33 0.196 0.137
BFGS(W(Q)) 126330.66 0.189 0.137
L-BFGS(B(I)) 31530.27 0.256 0.131
L-BFGS(W(I)) 28770.03 0.190 0.064
L-BFGS(W(F)) 28912.38 0.182 0.083
L-BFGS(W(Q)) 28436.79 0.193 0.059
GA 34002.07 2.270 0.338
PBIL 58888.26 0.579 0.119
GSA 78823.92 0.214 0.159
Random 33659.53 15.343 1.756

(cont. on next page)

56



Table 5.2 (cont.)

𝜉 Optimizer Mean
𝜉𝑐 + 𝜉′

𝑐

Mean
𝜉(𝑓(𝑋), 𝑌 )

Mean
‖𝜉′(𝑓(𝑋), 𝑌 )‖

HL

SD(B(I)) 12927.47 0.315 0.046
SD(W(I)) 29677.61 0.305 0.067
SD(W(F)) 27722.52 0.294 0.059
SD(W(Q)) 28955.70 0.296 0.063
BFGS(B(I)) 29820.09 0.328 0.049
BFGS(W(I)) 137597.61 0.272 0.044
BFGS(W(F)) 116342.39 0.294 0.044
BFGS(W(Q)) 141906.70 0.297 0.042
L-BFGS(B(I)) 15098.36 0.356 0.023
L-BFGS(W(I)) 20324.36 0.290 0.031
L-BFGS(W(F)) 19590.58 0.289 0.056
L-BFGS(W(Q)) 19947.45 0.287 0.069
GA 28847.23 0.794 0.105
PBIL 58708.85 0.328 0.032
GSA 95517.15 0.239 0.105
Random 31880.79 3.666 0.377

We expect BFGS and its limited-memory variant, with their additional second

derivative information, to outperform steepest descent. This assumption holds true

with the smooth and continuous 𝜉 = MSE. However, when paired with the non-

smooth MAE, the second derivative information of BFGS and L-BFGS prove inef-

fective, allowing steepest descent to outperform both in function calls and gradient

norm convergence. A similar phenomena is observed with HL due to its piecewise

derivative, but the effect is less pronounced and L-BFGS provides more consistent

convergence with only marginally more function calls.

With MSE, Wolfe line search provides marginally faster convergence, especially

when paired with quasi-Newton optimizers. This is not surprising because these quasi-

Newton optimizers are only proved to converge when its step size satisfies the Wolfe

conditions [33]. Satisfying the Wolfe conditions is less important for steepest descent,

but the more flexible Wolfe line search still outperforms backtracking line search with

57



MSE. With MAE and HL, Wolfe line search struggles to find effective step sizes for

steepest descent, allowing backtracking line search to significantly outperform it.

No one initial step size method is optimal on all combinations. First-order change

(F) provides the fastest or near fastest convergence for Wolfe-line search, with the

exception of BFGS paired with MSE. On this outlier, quadratic interpolation (Q) sig-

nificantly outperforms F. The increment previous step (I) method proves less effective

with Wolfe line search.

Without derivative information, the derivative-free GA, PBIL, and GSA opti-

mizers are unable to consistently converge to a local optima, as evidenced by high

gradient norm. With MSE, all gradient optimizers consistently converge and achieve

relatively low error while derivative-free optimizers struggle to achieve even moderate

error. However, with the non-smooth MAE and HL, the more effective PBIL and

GSA derivative-free optimizers can achieve comparable error. GA consistency per-

forms several times worse than either PBIL or GSA and has especially high error with

MSE. The inability of PBIL and GSA to converge is offset by their ability to more

thoroughly explore the problem space. Regardless, derivative-free optimizers require

considerably more iterations to achieve comparable or worse error than gradient opti-

mizers. When objective function derivatives are available, gradient based optimizers

are preferred.

Overall, the smooth MSE allows for significantly faster and more consistent con-

vergence than the non-smooth MAE and piece-wise HL. MAE and MSE have similar

use cases, which leads to a lack of popularity for MAE due to it’s significantly slower

and more difficult convergence. HL however can improve generalization performance

with its maximized margin. Whether or not to use HL over MSE depends on how

much it improves accuracy, if at all, and whether that increased accuracy is worth

slower convergence.
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5.3 Model Comparison

While optimizers are the key to effectively training a model, they have little effect

on ultimate accuracy beyond whether or not the model is fully trained. Choice of

model, with its associated prior, and error function to an arguably lesser extent, ulti-

mately determines accuracy and degree of success in a supervised learning problem.

If a model and the equation it represents closely matches the underlying mechan-

ics, equation, or simulation that generated a dataset, the model will perform well at

learning and generalizing the dataset.

5.3.1 Selecting Hyperparameters

Hyperparameters for all models are discovered with derivative-free optimization that

aims to maximize accuracy (or minimize error on regression problems) on a validation

set, eliminating researcher bias and providing fair and robust hyperparameter selec-

tion. The validation set is a subset of the training set with 2/3 samples for training

the validation model and 1/3 for validation.

The objective function 𝑓 for classification problems is 𝑓(𝑚, 𝐷) = acc(𝑚𝑡𝑟, 𝐷𝑡𝑒) +

0.05× acc(𝑚𝑡𝑟, 𝐷𝑡𝑟), where 𝑚𝑡𝑟 is model 𝑚 after training on a training set, acc is the

accuracy of a model on a dataset, 𝐷𝑡𝑒 is the testing set of dataset 𝐷, 𝐷𝑡𝑟 is the training

set of dataset 𝐷, and the optimizer maximizes this quantity. A small amount of value

is added for performance on the training set to discourage over-fitting on the validation

set. The objective function for regression problems is 𝑓(𝑚, 𝐷) = mse(𝑚𝑡𝑟, 𝐷𝑡𝑒) +

0.05 ×mse(𝑚𝑡𝑟, 𝐷𝑡𝑟), where mse is mean squared error and the optimizer minimizes

this quantity.

Our derivative-free optimizer for hyperparameter optimization is population-based

incremental learning (PBIL), as we see its effectiveness in Section 5.2. This PBIL runs

for 10 iterations with 10 samples every iteration. A low number of iterations is nec-
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essary because the objective function requires fully training and evaluating a model,

which is a very computationally expensive operation. The recommended adjustment

rate 𝛼 ≈ 0.1 is increased to 𝛼 = 0.2 to allow rapid exploitation and convergence

with few iterations. PBIL mutation is disabled because 10 iterations is too brief to

adequately explore the problem space with mutation.

Linear (LinReg) and logistic (LogReg) regression models can select mean squared

error (MSE) or hinge loss (HL) error function 𝜉, allowing automatic selection of

regression or support vector machine (SVM). Multilayer perceptron (MLP) models

can select a number of hidden neurons 𝑛ℎ in the range [1, 128] and MSE or HL error

function 𝜉. Radial basis function network (RBF) models can select a number of cluster

centers 𝑛 in the range [1, 128], Gaussian variance 𝑣 in the range [4√𝑛𝑎×0.01, 4√𝑛𝑎×4]

where 𝑛𝑎 is the number of attributes in the dataset, and MSE or HL error function 𝜉.

Gaussian variance is scaled by number of attributes to account for increased maximum

euclidean distance in higher dimensional spaces. The quantity 4√𝑛𝑎 is the maximum

distance between vectors ⟨−2, . . . ,−2⟩ and ⟨2, . . . , 2⟩ in 𝑛𝑎 dimensional space. Cluster

centers are determined with k-means clustering.

5.3.2 Model Comparison Results

Table 5.3 compares the generalization ability of several models detailed in Chapter 4.

Each model is tested on the datasets presented in Section 5.1, except for the boolean

toy datasets. Models with a number of parameters 𝑝 > 500 are trained using L-

BFGS with memory limit 𝑚 = 5, Wolfe line search with 𝑐1 = 1e−4 and 𝑐2 = 0.9,

and increment previous initial step with increment rate 𝑟 = 1.05 and upper bound

𝑢 = 1. Models with 𝑝 ≤ 500 are trained using BFGS reset every 100 iterations

and the same Wolfe line search as L-BFGS. Accuracy on training and testing sets is

presented for classification datasets, and mean squared error (MSE) is presented for
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regression datasets. Hyperparameters selected for each model, via the derivative-free

search detailed in Section 5.3.1, are also included.

We see that, with a few exceptions, all models have comparable training and

testing accuracy or error on all datasets. This is not surprising, given that all bench-

marked models are state-of-the-art, commonly utilized in practice, and effectively

trained with efficient optimizers. Although MLP is heralded for its complex function

that allows approximation of a wide variety of equations, this complexity also causes

overfitting that can decrease testing performance and makes optimization difficult,

which allows the simpler regression models to outperform MLP on several datasets.

We also see that both MSE and HL prove optimal with different datasets and mod-

els. HL appears particularly useful with linear regression. Note that the RBF model

includes a linear regression function.

Ultimately, no one model is optimal on all problems. Each benchmarked model

achieves or ties for the greatest testing performance on at least one dataset. This is an

instance of the no-free-lunch theorem, which, in brief, states that no one algorithm

is optimal on all problems. When solving a supervised learning problem, several

models should be benchmarked without researcher bias. Empirical evidence and

testing accuracy should guide the researcher to select a model. Researchers should

not feel compelled to focus on a particular favorite model. Just as the underlying

models that generate data are incredibly varied, the models we test and utilize must

be equally varied. The optimization perspective allows easy experimentation and

implementation of models. When optimization is handled by an existing optimizer,

an equation with adjustable parameters or an error function is all that is necessary

to implement a new model.
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Table 5.3: Model Comparison

Dataset Model Training Testing Hyperparameters

Iris

LinReg 96.67% 96.67% 𝜉: HL
LogReg 98.89% 96.67% 𝜉: MSE
MLP 98.89% 98.33% 𝜉: MSE, 𝑛ℎ: 32
RBF 98.89% 96.67% 𝜉: HL, 𝑛: 127, 𝑣: 0.08

Cancer

LinReg 100.00% 95.16% 𝜉: HL
LogReg 99.64% 96.89% 𝜉: MSE
MLP 99.64% 96.89% 𝜉: MSE, 𝑛ℎ: 24
RBF 98.57% 95.85% 𝜉: MSE, 𝑛: 119, 𝑣: 0.643

HM

LinReg 69.00% 69.42% 𝜉: HL
LogReg 70.00% 61.65% 𝜉: MSE
MLP 73.00% 58.74% 𝜉: HL, 𝑛ℎ: 3
RBF 71.00% 67.48% 𝜉: HL, 𝑛: 108, 𝑣: 12.552

Yeast

LinReg 76.00% 47.77% 𝜉: MSE
LogReg 84.00% 44.07% 𝜉: MSE
MLP 86.00% 41.49% 𝜉: MSE, 𝑛ℎ: 79
RBF 74.00% 46.03% 𝜉: HL, 𝑛: 18, 𝑣: 18.106

CH
LinReg 0.071 0.085 𝜉: MSE
MLP 0.055 0.074 𝜉: MSE, 𝑛ℎ: 2
RBF 0.061 0.085 𝜉: MSE, 𝑛: 80, 𝑣: 3.367

USPS

LinReg 100.00% 78.05% 𝜉: HL
LogReg 98.80% 75.47% 𝜉: MSE
MLP 100.00% 88.02% 𝜉: MSE, 𝑛ℎ: 84
RBF 96.60% 88.39% 𝜉: HL, 𝑛: 120, 𝑣: 157.635

PIE

LinReg 100.00% 94.44% 𝜉: HL
LogReg 100.00% 98.64% 𝜉: MSE
MLP 100.00% 98.91% 𝜉: MSE, 𝑛ℎ: 88
RBF 99.85% 91.04% 𝜉: HL, 𝑛: 117, 𝑣: 451.924
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Chapter 6

Conclusion

The field of mathematical optimization is both extensive and under-represented in

the machine learning community. Efficient gradient optimization methods like steep-

est descent and Broyden-Fletcher-Goldfarb-Shanno (BFGS) make big data problems

with complex non-linear models feasible. However, despite these contributions, su-

pervised learning models such as neural networks or support vector machines are

frequently discussed from a biological or statistical perspective without mention of

the importance of the optimization methods that make efficient training possible.

The importance of effective optimization cannot be understated. Our exploration

of state-of-the-art optimizers in Chapters 2 and 3 provides an examination of this

rapidly evolving field with implementation details for several important methods.

Chapter 4 provides important details to implement a number of popular state-of-

the-art supervised learning models with powerful and efficient optimizers. From the

optimization perspective, several otherwise obscured similarities are revealed between

these models, allowing for deeper understanding and modular implementation with

many reusable components. The comparative analysis in Chapter 5 takes advantage

of the modularity of the optimization perspective to easily generate an extensive and

comprehensive analysis with many datasets, error functions, models, and optimizers.

Our comparison of models in Section 5.3 shows the importance of testing many

models when attempting to maximize performance on a given dataset. When the

function and parameters of a model are decoupled from training procedure, as the
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optimization perspective provides, development and implementation of a new model

is trivial. One can simply adjust the function of a model. For example, if a linear

regression model performs well on a given dataset, but we suspect that the first and

second attribute are related with regard to the first class, we can create a new model

𝑓(𝑋) = 𝑤(𝑋𝑇
1 ⊙𝑋𝑇

2 ) +𝑖1 (𝑋𝑊 + 𝑏⃗) (6.1)

to multiply the first attribute with the second attribute of each pattern, multiply the

result by a weight parameter 𝑤, and add the resulting vector to the first column of a

linear regression model 𝑋𝑊 + 𝑏⃗, where 𝑋 is a matrix of pattern attributes (a.k.a.

model arguments), 𝑊 is a weight matrix, and 𝑏⃗ is a bias vector. Note that ⊙ is the

Hadamard, a.k.a., element-wise, product and +𝑖1 denotes addition of a vector to the

first column of a matrix. In this brief paragraph, we developed a new and specialized

model to potentially improve performance on a hypothetical problem. Under the

optimization perspective, training this model only requires applying an optimizer to

minimize error while adjusting weight and bias parameters.

Likewise, a new error function can improve accuracy of current and future models.

The hinge loss function described in Section 4.5 is one such example. However,

under traditional supervised learning, hinge loss is part of a specific model known as

a support vector machine (SVM). Under the optimization perspective, we combine

hinge loss with regression, multilayer perceptron, radial basis function network (RBF),

and more. In Section 5.3 we even see that hinge loss improves the performance of

RBF. This revelation is intuitive when supervised learning is viewed as an application

of mathematical optimization.
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Appendix A

Notation

• Vectors are presented with an arrow above, such as 𝑥⃗.

• All vectors are row vectors unless otherwise specified.

• Specific vectors are given in arrow brackets, such as ⟨0, 1, 2⟩.

• Matrices are presented as bold uppercase letters, such as 𝑋.

• Norms, such as ‖𝑥⃗‖, are euclidean norms, ‖𝑥⃗‖2, unless otherwise specified.

• Function derivatives are presented with prime notation, such as 𝑓 ′ for first

derivative, a.k.a. Jacobian, and 𝑓 ′′ for second derivative, a.k.a. Hessian.

• A scalar added to a vector or matrix, such as 𝑎 + 𝑥⃗ or 𝑎 + 𝑋, adds the scalar

to every element of the vector or matrix. A vector added to a matrix, such as

𝑥⃗ + 𝑋, adds the vector to every row of the matrix.
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Appendix B

Raw Results

Table B.1: Optimzier Comparison

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

AND MSE LinReg SD(B(I)) 30 0.063 0.000
SD(W(I)) 22 0.063 0.000
SD(W(F)) 10 0.062 0.000
SD(W(Q)) 10 0.062 0.000
BFGS(B(I)) 30 0.063 0.000
BFGS(W(I)) 10 0.062 0.000
BFGS(W(F)) 10 0.062 0.000
BFGS(W(Q)) 10 0.062 0.000
L-BFGS(B(I)) 30 0.063 0.000
L-BFGS(W(I)) 10 0.062 0.000
L-BFGS(W(F)) 10 0.062 0.000
L-BFGS(W(Q)) 10 0.062 0.000
GA 69841 15.030 5.471
PBIL 17140 0.375 0.791
GSA 52502 0.074 0.150
Random 24202 86.077 13.116

LogReg SD(B(I)) 41 0.000 0.000
SD(W(I)) 212 0.000 0.000
SD(W(F)) 94 0.000 0.000
SD(W(Q)) 42 0.000 0.000
BFGS(B(I)) 37 0.000 0.000
BFGS(W(I)) 48 0.000 0.000
BFGS(W(F)) 48 0.000 0.000
BFGS(W(Q)) 28 0.000 0.000
L-BFGS(B(I)) 38 0.000 0.000
L-BFGS(W(I)) 44 0.000 0.000
L-BFGS(W(F)) 48 0.000 0.000
L-BFGS(W(Q)) 28 0.000 0.000
GA 26729 0.000 0.000
PBIL 16105 0.000 0.000
GSA 149602 0.000 0.000
Random 39602 0.000 0.000

MLP(2) SD(B(I)) 9502 0.000 0.000
SD(W(I)) 12366 0.000 0.001
SD(W(F)) 8840 0.000 0.000

(cont. on next page)
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 12716 0.000 0.001
BFGS(B(I)) 343 0.000 0.001
BFGS(W(I)) 360 0.000 0.001
BFGS(W(F)) 440 0.000 0.002
BFGS(W(Q)) 364 0.000 0.000
L-BFGS(B(I)) 756 0.000 0.000
L-BFGS(W(I)) 424 0.000 0.000
L-BFGS(W(F)) 516 0.000 0.000
L-BFGS(W(Q)) 444 0.000 0.001
GA 65703 0.286 0.131
PBIL 26260 0.125 0.002
GSA 51002 0.160 0.062
Random 23702 0.383 0.114

MLP(2,SM) SD(B(I)) 64 0.063 0.000
SD(W(I)) 222 0.000 0.001
SD(W(F)) 72 0.063 0.000
SD(W(Q)) 52 0.063 0.000
BFGS(B(I)) 38 0.063 0.000
BFGS(W(I)) 46 0.063 0.000
BFGS(W(F)) 118 0.063 0.000
BFGS(W(Q)) 58 0.063 0.000
L-BFGS(B(I)) 37 0.063 0.000
L-BFGS(W(I)) 46 0.063 0.000
L-BFGS(W(F)) 60 0.063 0.000
L-BFGS(W(Q)) 44 0.063 0.000
GA 19310 0.000 0.000
PBIL 20155 0.000 0.000
GSA 20202 0.000 0.000
Random 20302 0.000 0.000

MLP(4) SD(B(I)) 2364 0.000 0.000
SD(W(I)) 3190 0.000 0.000
SD(W(F)) 2602 0.000 0.000
SD(W(Q)) 2822 0.000 0.001
BFGS(B(I)) 150 0.000 0.000
BFGS(W(I)) 166 0.000 0.000
BFGS(W(F)) 214 0.000 0.000
BFGS(W(Q)) 212 0.000 0.000
L-BFGS(B(I)) 216 0.000 0.000
L-BFGS(W(I)) 314 0.000 0.000
L-BFGS(W(F)) 388 0.000 0.000
L-BFGS(W(Q)) 290 0.000 0.000
GA 21011 0.382 0.077
PBIL 71031 0.125 0.001
GSA 70602 0.045 0.138
Random 26802 743.376 323.548

MLP(4,SM) SD(B(I)) 75 0.000 0.000
SD(W(I)) 176 0.000 0.000
SD(W(F)) 92 0.000 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 82 0.000 0.000
BFGS(B(I)) 60 0.063 0.000
BFGS(W(I)) 244 0.000 0.000
BFGS(W(F)) 74 0.000 0.000
BFGS(W(Q)) 102 0.000 0.000
L-BFGS(B(I)) 67 0.000 0.000
L-BFGS(W(I)) 58 0.000 0.000
L-BFGS(W(F)) 48 0.000 0.000
L-BFGS(W(Q)) 44 0.000 0.000
GA 19077 0.000 0.000
PBIL 20202 0.000 0.000
GSA 20202 0.000 0.000
Random 20202 0.000 0.000

MLP(8) SD(B(I)) 1351 0.000 0.000
SD(W(I)) 1758 0.000 0.000
SD(W(F)) 1168 0.000 0.001
SD(W(Q)) 1406 0.000 0.000
BFGS(B(I)) 113 0.000 0.000
BFGS(W(I)) 106 0.000 0.000
BFGS(W(F)) 148 0.000 0.000
BFGS(W(Q)) 142 0.000 0.000
L-BFGS(B(I)) 137 0.000 0.000
L-BFGS(W(I)) 258 0.000 0.000
L-BFGS(W(F)) 168 0.000 0.001
L-BFGS(W(Q)) 172 0.000 0.001
GA 22150 4195.584 3377.078
PBIL 98089 0.000 0.000
GSA 96302 0.016 0.075
Random 29802 109195.377 17636.439

MLP(8,SM) SD(B(I)) 89 0.000 0.000
SD(W(I)) 218 0.000 0.000
SD(W(F)) 118 0.000 0.000
SD(W(Q)) 70 0.000 0.000
BFGS(B(I)) 61 0.000 0.000
BFGS(W(I)) 84 0.000 0.000
BFGS(W(F)) 60 0.000 0.000
BFGS(W(Q)) 68 0.000 0.000
L-BFGS(B(I)) 47 0.000 0.000
L-BFGS(W(I)) 50 0.000 0.000
L-BFGS(W(F)) 52 0.000 0.000
L-BFGS(W(Q)) 68 0.000 0.000
GA 19170 0.000 0.000
PBIL 20202 0.000 0.000
GSA 20402 0.000 0.000
Random 20202 0.000 0.000

RBF(2) SD(B(I)) 102 0.184 0.000
SD(W(I)) 104 0.184 0.000
SD(W(F)) 134 0.184 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 100 0.184 0.000
BFGS(B(I)) 35 0.184 0.000
BFGS(W(I)) 26 0.184 0.000
BFGS(W(F)) 74 0.184 0.000
BFGS(W(Q)) 84 0.184 0.000
L-BFGS(B(I)) 53 0.184 0.000
L-BFGS(W(I)) 26 0.184 0.000
L-BFGS(W(F)) 100 0.184 0.000
L-BFGS(W(Q)) 78 0.184 0.000
GA 27622 0.691 0.972
PBIL 18776 0.184 0.005
GSA 30302 0.187 0.068
Random 34202 4.376 2.077

RBF(4) SD(B(I)) 79 0.000 0.000
SD(W(I)) 88 0.000 0.000
SD(W(F)) 102 0.000 0.000
SD(W(Q)) 102 0.000 0.000
BFGS(B(I)) 48 0.000 0.000
BFGS(W(I)) 38 0.000 0.000
BFGS(W(F)) 86 0.000 0.000
BFGS(W(Q)) 90 0.000 0.000
L-BFGS(B(I)) 44 0.000 0.000
L-BFGS(W(I)) 42 0.000 0.000
L-BFGS(W(F)) 82 0.000 0.000
L-BFGS(W(Q)) 86 0.000 0.000
GA 25019 16.734 5.478
PBIL 30591 0.206 0.369
GSA 30502 0.009 0.112
Random 23302 82.191 10.455

RBF(8) SD(B(I)) 111 0.000 0.000
SD(W(I)) 122 0.000 0.000
SD(W(F)) 120 0.000 0.000
SD(W(Q)) 122 0.000 0.000
BFGS(B(I)) 44 0.000 0.000
BFGS(W(I)) 26 0.000 0.000
BFGS(W(F)) 82 0.000 0.000
BFGS(W(Q)) 68 0.000 0.000
L-BFGS(B(I)) 44 0.000 0.000
L-BFGS(W(I)) 26 0.000 0.000
L-BFGS(W(F)) 68 0.000 0.000
L-BFGS(W(Q)) 62 0.000 0.000
GA 51692 17.069 3.916
PBIL 43821 0.000 0.007
GSA 26102 0.005 0.051
Random 21502 19.981 3.446

MAE LinReg SD(B(I)) 25 0.250 0.000
SD(W(I)) 14 0.250 0.000
SD(W(F)) 14 0.250 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 22 0.250 0.000
BFGS(B(I)) 49 0.250 0.000
BFGS(W(I)) 28 0.250 0.000
BFGS(W(F)) 38 0.250 0.000
BFGS(W(Q)) 36 0.250 0.000
L-BFGS(B(I)) 49 0.250 0.000
L-BFGS(W(I)) 22 0.250 0.000
L-BFGS(W(F)) 26 0.250 0.000
L-BFGS(W(Q)) 24 0.250 0.000
GA 34717 3.959 0.707
PBIL 18741 0.500 0.661
GSA 28802 0.250 0.000
Random 24202 7.224 0.707

LogReg SD(B(I)) 32 0.000 0.000
SD(W(I)) 204 0.001 0.000
SD(W(F)) 52 0.000 0.000
SD(W(Q)) 40 0.000 0.000
BFGS(B(I)) 37 0.000 0.000
BFGS(W(I)) 46 0.000 0.000
BFGS(W(F)) 38 0.000 0.000
BFGS(W(Q)) 30 0.000 0.000
L-BFGS(B(I)) 42 0.000 0.000
L-BFGS(W(I)) 50 0.000 0.000
L-BFGS(W(F)) 42 0.000 0.000
L-BFGS(W(Q)) 42 0.000 0.000
GA 22502 0.000 0.000
PBIL 16359 0.000 0.000
GSA 100102 0.000 0.000
Random 39602 0.000 0.000

MLP(2) SD(B(I)) 9532 0.450 0.252
SD(W(I)) 41294 0.250 0.022
SD(W(F)) 41264 0.250 0.019
SD(W(Q)) 41404 0.250 0.023
BFGS(B(I)) 9913 0.250 0.006
BFGS(W(I)) 452312 0.125 0.944
BFGS(W(F)) 41092 0.250 0.010
BFGS(W(Q)) 485166 0.125 1.380
L-BFGS(B(I)) 9241 0.250 0.280
L-BFGS(W(I)) 41376 0.250 0.273
L-BFGS(W(F)) 41462 0.250 0.268
L-BFGS(W(Q)) 41280 0.250 0.020
GA 28288 0.379 0.217
PBIL 21589 0.253 0.299
GSA 56002 0.261 0.235
Random 23702 0.417 0.282

MLP(2,SM) SD(B(I)) 55 0.125 0.000
SD(W(I)) 174 0.125 0.000
SD(W(F)) 66 0.125 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 60 0.125 0.000
BFGS(B(I)) 37 0.125 0.000
BFGS(W(I)) 138 0.125 0.000
BFGS(W(F)) 36 0.125 0.000
BFGS(W(Q)) 34 0.125 0.000
L-BFGS(B(I)) 30 0.625 0.000
L-BFGS(W(I)) 78 0.125 0.000
L-BFGS(W(F)) 36 0.125 0.000
L-BFGS(W(Q)) 32 0.125 0.000
GA 20530 0.000 0.000
PBIL 20087 0.000 0.000
GSA 20202 0.000 0.000
Random 21502 0.000 0.000

MLP(4) SD(B(I)) 2175 0.251 0.092
SD(W(I)) 41542 0.251 0.013
SD(W(F)) 41276 0.250 0.011
SD(W(Q)) 41390 0.250 0.010
BFGS(B(I)) 28869 0.000 1.373
BFGS(W(I)) 59080 0.250 0.010
BFGS(W(F)) 112908 0.000 0.741
BFGS(W(Q)) 41250 0.250 0.010
L-BFGS(B(I)) 12820 0.250 0.008
L-BFGS(W(I)) 41298 0.250 0.010
L-BFGS(W(F)) 41314 0.251 0.371
L-BFGS(W(Q)) 41270 0.250 0.012
GA 31007 0.408 0.155
PBIL 34421 0.125 0.368
GSA 27202 0.162 0.394
Random 26802 17.041 4.391

MLP(4,SM) SD(B(I)) 60 0.000 0.000
SD(W(I)) 104 0.000 0.000
SD(W(F)) 90 0.000 0.000
SD(W(Q)) 46 0.125 0.000
BFGS(B(I)) 59 0.125 0.000
BFGS(W(I)) 46 0.250 0.000
BFGS(W(F)) 114 0.248 0.010
BFGS(W(Q)) 84 0.250 0.003
L-BFGS(B(I)) 47 0.125 0.000
L-BFGS(W(I)) 160 0.125 0.000
L-BFGS(W(F)) 30 0.125 0.000
L-BFGS(W(Q)) 30 0.125 0.000
GA 19113 0.000 0.000
PBIL 20202 0.000 0.000
GSA 20202 0.000 0.000
Random 20202 0.000 0.000

MLP(8) SD(B(I)) 1416 0.283 0.303
SD(W(I)) 42318 0.261 0.174
SD(W(F)) 41434 0.251 0.281
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 41346 0.248 0.016
BFGS(B(I)) 35370 0.000 0.964
BFGS(W(I)) 197686 0.000 0.363
BFGS(W(F)) 176256 0.000 0.481
BFGS(W(Q)) 59346 0.246 0.021
L-BFGS(B(I)) 12381 0.011 1.874
L-BFGS(W(I)) 41324 0.248 0.016
L-BFGS(W(F)) 41488 0.248 0.016
L-BFGS(W(Q)) 41292 0.248 0.015
GA 40711 0.821 0.956
PBIL 169862 0.125 0.336
GSA 39902 0.129 1.317
Random 47202 234.711 36.937

MLP(8,SM) SD(B(I)) 74 0.000 0.000
SD(W(I)) 326 0.000 0.000
SD(W(F)) 96 0.000 0.000
SD(W(Q)) 44 0.136 0.007
BFGS(B(I)) 51 0.250 0.000
BFGS(W(I)) 298 0.125 0.000
BFGS(W(F)) 22 0.125 0.000
BFGS(W(Q)) 66 0.250 0.001
L-BFGS(B(I)) 37 0.125 0.000
L-BFGS(W(I)) 124 0.000 0.000
L-BFGS(W(F)) 116 0.000 0.000
L-BFGS(W(Q)) 54 0.243 0.018
GA 19147 0.000 0.000
PBIL 20202 0.000 0.000
GSA 20702 0.000 0.000
Random 20202 0.000 0.000

RBF(2) SD(B(I)) 1654 0.446 0.434
SD(W(I)) 42038 0.255 0.404
SD(W(F)) 40138 0.256 0.207
SD(W(Q)) 41878 0.252 0.340
BFGS(B(I)) 7155 0.250 0.215
BFGS(W(I)) 252686 0.250 0.345
BFGS(W(F)) 192600 0.250 0.639
BFGS(W(Q)) 60016 0.250 0.510
L-BFGS(B(I)) 5253 0.250 0.323
L-BFGS(W(I)) 41824 0.250 0.207
L-BFGS(W(F)) 41502 0.250 0.340
L-BFGS(W(Q)) 41382 0.250 0.434
GA 35866 0.724 0.340
PBIL 16549 0.263 0.207
GSA 24802 0.265 0.533
Random 22202 1.714 0.486

RBF(4) SD(B(I)) 1868 0.121 0.423
SD(W(I)) 42018 0.022 0.338
SD(W(F)) 46528 0.038 0.241
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 43100 0.103 0.386
BFGS(B(I)) 8498 0.000 0.424
BFGS(W(I)) 219812 0.000 0.350
BFGS(W(F)) 924 0.000 0.000
BFGS(W(Q)) 42352 0.000 0.350
L-BFGS(B(I)) 19883 0.000 0.243
L-BFGS(W(I)) 41998 0.000 0.554
L-BFGS(W(F)) 41718 0.000 0.243
L-BFGS(W(Q)) 41668 0.000 0.424
GA 54274 2.804 0.605
PBIL 26001 0.040 0.491
GSA 47502 0.076 0.329
Random 58702 5.782 0.609

RBF(8) SD(B(I)) 26459 0.187 0.353
SD(W(I)) 42726 0.161 0.342
SD(W(F)) 41680 0.165 0.342
SD(W(Q)) 42092 0.174 0.331
BFGS(B(I)) 1443 0.000 0.000
BFGS(W(I)) 199944 0.000 0.342
BFGS(W(F)) 159320 0.000 0.395
BFGS(W(Q)) 81342 0.000 0.216
L-BFGS(B(I)) 20388 0.000 0.216
L-BFGS(W(I)) 42458 0.000 0.442
L-BFGS(W(F)) 42826 0.000 0.451
L-BFGS(W(Q)) 42986 0.000 0.364
GA 21474 3.563 0.433
PBIL 34988 0.004 0.433
GSA 57902 0.043 0.353
Random 21502 4.122 0.353

HL LinReg SD(B(I)) 32 0.000 0.000
SD(W(I)) 22 0.000 0.000
SD(W(F)) 26 0.000 0.000
SD(W(Q)) 20 0.000 0.000
BFGS(B(I)) 38 0.000 0.000
BFGS(W(I)) 18 0.000 0.000
BFGS(W(F)) 26 0.000 0.000
BFGS(W(Q)) 22 0.000 0.000
L-BFGS(B(I)) 20 0.000 0.000
L-BFGS(W(I)) 18 0.000 0.000
L-BFGS(W(F)) 26 0.000 0.000
L-BFGS(W(Q)) 22 0.000 0.000
GA 19201 0.000 0.000
PBIL 16943 0.000 0.000
GSA 20602 0.000 0.000
Random 20302 0.000 0.000

LogReg SD(B(I)) 44 0.000 0.000
SD(W(I)) 220 0.001 0.000
SD(W(F)) 52 0.000 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 60 0.000 0.000
BFGS(B(I)) 38 0.000 0.000
BFGS(W(I)) 52 0.000 0.000
BFGS(W(F)) 32 0.000 0.000
BFGS(W(Q)) 28 0.000 0.000
L-BFGS(B(I)) 42 0.000 0.000
L-BFGS(W(I)) 52 0.000 0.000
L-BFGS(W(F)) 32 0.000 0.000
L-BFGS(W(Q)) 42 0.000 0.000
GA 21098 0.000 0.000
PBIL 15864 0.000 0.000
GSA 59402 0.000 0.000
Random 39602 0.000 0.000

MLP(2) SD(B(I)) 2428 0.474 0.344
SD(W(I)) 41770 0.415 0.255
SD(W(F)) 42682 0.476 0.319
SD(W(Q)) 42454 0.479 0.364
BFGS(B(I)) 78 0.250 0.000
BFGS(W(I)) 296 0.250 0.000
BFGS(W(F)) 322 0.250 0.000
BFGS(W(Q)) 98 0.250 0.000
L-BFGS(B(I)) 503 0.250 0.000
L-BFGS(W(I)) 120 0.250 0.000
L-BFGS(W(F)) 78 0.250 0.000
L-BFGS(W(Q)) 84 0.250 0.000
GA 19700 0.000 0.000
PBIL 20796 0.000 0.000
GSA 20302 0.000 0.000
Random 20502 0.000 0.000

MLP(2,SM) SD(B(I)) 51 0.250 0.000
SD(W(I)) 190 0.250 0.000
SD(W(F)) 74 0.250 0.000
SD(W(Q)) 50 0.250 0.000
BFGS(B(I)) 57 1.000 0.000
BFGS(W(I)) 140 0.250 0.000
BFGS(W(F)) 78 0.250 0.000
BFGS(W(Q)) 26 0.250 0.000
L-BFGS(B(I)) 52 0.250 0.000
L-BFGS(W(I)) 104 0.250 0.000
L-BFGS(W(F)) 94 0.250 0.000
L-BFGS(W(Q)) 46 0.250 0.000
GA 19287 0.000 0.000
PBIL 20190 0.000 0.000
GSA 20202 0.000 0.000
Random 20202 0.000 0.000

MLP(4) SD(B(I)) 1977 0.489 0.417
SD(W(I)) 41488 0.435 0.321
SD(W(F)) 41440 0.457 0.219
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 41750 0.435 0.329
BFGS(B(I)) 62 0.000 0.000
BFGS(W(I)) 78 0.000 0.000
BFGS(W(F)) 76 0.000 0.000
BFGS(W(Q)) 58 0.000 0.000
L-BFGS(B(I)) 1035 0.000 0.000
L-BFGS(W(I)) 86 0.000 0.000
L-BFGS(W(F)) 318 0.000 0.000
L-BFGS(W(Q)) 84 0.000 0.000
GA 19374 0.000 0.000
PBIL 20202 0.000 0.000
GSA 20902 0.000 0.000
Random 20302 0.000 0.000

MLP(4,SM) SD(B(I)) 60 0.000 0.000
SD(W(I)) 106 0.000 0.000
SD(W(F)) 126 0.000 0.000
SD(W(Q)) 92 0.000 0.000
BFGS(B(I)) 316 0.250 0.000
BFGS(W(I)) 222 0.250 0.000
BFGS(W(F)) 142 0.250 0.000
BFGS(W(Q)) 54 0.486 0.050
L-BFGS(B(I)) 37 0.250 0.000
L-BFGS(W(I)) 74 0.409 0.070
L-BFGS(W(F)) 30 0.250 0.000
L-BFGS(W(Q)) 142 0.250 0.000
GA 19056 0.000 0.000
PBIL 20202 0.000 0.000
GSA 20202 0.000 0.000
Random 20202 0.000 0.000

MLP(8) SD(B(I)) 30037 0.518 0.271
SD(W(I)) 54604 0.500 0.539
SD(W(F)) 42544 0.505 0.533
SD(W(Q)) 42094 0.398 0.271
BFGS(B(I)) 40 0.000 0.000
BFGS(W(I)) 92 0.000 0.000
BFGS(W(F)) 102 0.000 0.000
BFGS(W(Q)) 74 0.000 0.000
L-BFGS(B(I)) 463 0.000 0.000
L-BFGS(W(I)) 168 0.000 0.000
L-BFGS(W(F)) 112 0.000 0.000
L-BFGS(W(Q)) 86 0.000 0.000
GA 19487 0.000 0.000
PBIL 20502 0.000 0.000
GSA 21402 0.000 0.000
Random 20302 0.000 0.000

MLP(8,SM) SD(B(I)) 78 0.000 0.000
SD(W(I)) 120 0.000 0.000
SD(W(F)) 108 0.000 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 80 0.000 0.000
BFGS(B(I)) 50 0.250 0.000
BFGS(W(I)) 104 0.250 0.000
BFGS(W(F)) 154 0.000 0.000
BFGS(W(Q)) 126 0.245 0.013
L-BFGS(B(I)) 37 0.250 0.000
L-BFGS(W(I)) 106 0.250 0.000
L-BFGS(W(F)) 170 0.000 0.000
L-BFGS(W(Q)) 136 0.000 0.000
GA 19147 0.000 0.000
PBIL 20202 0.000 0.000
GSA 20202 0.000 0.000
Random 20202 0.000 0.000

RBF(2) SD(B(I)) 45902 0.511 0.220
SD(W(I)) 42224 0.510 0.132
SD(W(F)) 42502 0.508 0.328
SD(W(Q)) 41638 0.503 0.328
BFGS(B(I)) 5018 0.500 0.402
BFGS(W(I)) 276992 0.500 0.361
BFGS(W(F)) 59256 0.500 0.344
BFGS(W(Q)) 334132 0.500 0.361
L-BFGS(B(I)) 5714 0.500 0.697
L-BFGS(W(I)) 41280 0.503 0.328
L-BFGS(W(F)) 41292 0.501 0.481
L-BFGS(W(Q)) 41542 0.500 0.621
GA 27525 1.014 0.373
PBIL 21304 0.514 0.132
GSA 45302 0.552 0.493
Random 28702 1.612 0.445

RBF(4) SD(B(I)) 31 0.000 0.000
SD(W(I)) 30 0.000 0.000
SD(W(F)) 30 0.000 0.000
SD(W(Q)) 18 0.000 0.000
BFGS(B(I)) 31 0.000 0.000
BFGS(W(I)) 24 0.000 0.000
BFGS(W(F)) 18 0.000 0.000
BFGS(W(Q)) 30 0.000 0.000
L-BFGS(B(I)) 37 0.000 0.000
L-BFGS(W(I)) 24 0.000 0.000
L-BFGS(W(F)) 18 0.000 0.000
L-BFGS(W(Q)) 30 0.000 0.000
GA 19145 0.000 0.000
PBIL 20600 0.000 0.000
GSA 20602 0.000 0.000
Random 20802 0.000 0.000

RBF(8) SD(B(I)) 45901 0.315 0.395
SD(W(I)) 42162 0.034 0.306
SD(W(F)) 42270 0.061 0.306
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 42524 0.080 0.306
BFGS(B(I)) 40 0.000 0.000
BFGS(W(I)) 48 0.000 0.000
BFGS(W(F)) 26 0.000 0.000
BFGS(W(Q)) 46 0.000 0.000
L-BFGS(B(I)) 45 0.000 0.000
L-BFGS(W(I)) 56 0.000 0.000
L-BFGS(W(F)) 36 0.000 0.000
L-BFGS(W(Q)) 58 0.000 0.000
GA 19327 0.000 0.000
PBIL 20202 0.000 0.000
GSA 21502 0.000 0.000
Random 21102 0.000 0.000

XOR MSE LinReg SD(B(I)) 30 0.250 0.000
SD(W(I)) 22 0.250 0.000
SD(W(F)) 10 0.250 0.000
SD(W(Q)) 10 0.250 0.000
BFGS(B(I)) 30 0.250 0.000
BFGS(W(I)) 10 0.250 0.000
BFGS(W(F)) 10 0.250 0.000
BFGS(W(Q)) 10 0.250 0.000
L-BFGS(B(I)) 30 0.250 0.000
L-BFGS(W(I)) 10 0.250 0.000
L-BFGS(W(F)) 10 0.250 0.000
L-BFGS(W(Q)) 10 0.250 0.000
GA 42792 20.257 6.326
PBIL 18979 0.500 0.707
GSA 24602 0.260 0.138
Random 24202 89.740 13.378

LogReg SD(B(I)) 21 0.250 0.000
SD(W(I)) 84 0.250 0.000
SD(W(F)) 44 0.250 0.000
SD(W(Q)) 46 0.250 0.000
BFGS(B(I)) 28 0.250 0.000
BFGS(W(I)) 22 0.250 0.000
BFGS(W(F)) 50 0.250 0.000
BFGS(W(Q)) 44 0.250 0.000
L-BFGS(B(I)) 25 0.250 0.000
L-BFGS(W(I)) 18 0.250 0.000
L-BFGS(W(F)) 42 0.250 0.000
L-BFGS(W(Q)) 48 0.250 0.000
GA 19020 0.250 0.000
PBIL 18320 0.250 0.000
GSA 20302 0.250 0.000
Random 20202 0.250 0.000

MLP(2) SD(B(I)) 79 0.250 0.000
SD(W(I)) 88 0.250 0.000
SD(W(F)) 112 0.250 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 86 0.250 0.001
BFGS(B(I)) 43 0.250 0.000
BFGS(W(I)) 34 0.250 0.000
BFGS(W(F)) 88 0.250 0.000
BFGS(W(Q)) 72 0.250 0.000
L-BFGS(B(I)) 47 0.250 0.000
L-BFGS(W(I)) 34 0.250 0.000
L-BFGS(W(F)) 74 0.250 0.000
L-BFGS(W(Q)) 66 0.250 0.000
GA 28004 0.290 0.127
PBIL 40347 0.252 0.035
GSA 60902 0.198 0.081
Random 51002 0.392 0.085

MLP(2,SM) SD(B(I)) 457 0.063 0.000
SD(W(I)) 564 0.063 0.000
SD(W(F)) 460 0.063 0.001
SD(W(Q)) 442 0.063 0.000
BFGS(B(I)) 117 0.125 0.000
BFGS(W(I)) 180 0.125 0.000
BFGS(W(F)) 338 0.063 0.000
BFGS(W(Q)) 144 0.125 0.000
L-BFGS(B(I)) 375 0.562 0.000
L-BFGS(W(I)) 178 0.063 0.000
L-BFGS(W(F)) 170 0.062 0.000
L-BFGS(W(Q)) 228 0.062 0.000
GA 21533 0.062 0.000
PBIL 20679 0.062 0.000
GSA 20702 0.063 0.000
Random 25902 0.062 0.000

MLP(4) SD(B(I)) 501 0.000 0.001
SD(W(I)) 696 0.000 0.000
SD(W(F)) 750 0.000 0.001
SD(W(Q)) 704 0.000 0.000
BFGS(B(I)) 154 0.000 0.000
BFGS(W(I)) 170 0.000 0.000
BFGS(W(F)) 286 0.000 0.000
BFGS(W(Q)) 232 0.000 0.000
L-BFGS(B(I)) 224 0.000 0.000
L-BFGS(W(I)) 302 0.000 0.001
L-BFGS(W(F)) 332 0.000 0.000
L-BFGS(W(Q)) 268 0.000 0.000
GA 37853 0.329 0.120
PBIL 58625 0.125 0.009
GSA 42102 0.136 0.079
Random 26802 739.854 323.015

MLP(4,SM) SD(B(I)) 277 0.000 0.000
SD(W(I)) 420 0.000 0.000
SD(W(F)) 388 0.000 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 96 0.000 0.000
BFGS(B(I)) 66 0.000 0.000
BFGS(W(I)) 144 0.000 0.000
BFGS(W(F)) 90 0.000 0.000
BFGS(W(Q)) 152 0.000 0.000
L-BFGS(B(I)) 79 0.000 0.000
L-BFGS(W(I)) 272 0.000 0.000
L-BFGS(W(F)) 146 0.000 0.000
L-BFGS(W(Q)) 162 0.000 0.000
GA 19451 0.000 0.000
PBIL 21102 0.000 0.000
GSA 21102 0.000 0.000
Random 20202 0.000 0.000

MLP(8) SD(B(I)) 851 0.000 0.001
SD(W(I)) 1092 0.000 0.000
SD(W(F)) 844 0.000 0.001
SD(W(Q)) 908 0.000 0.001
BFGS(B(I)) 148 0.000 0.000
BFGS(W(I)) 202 0.000 0.000
BFGS(W(F)) 230 0.000 0.000
BFGS(W(Q)) 210 0.000 0.000
L-BFGS(B(I)) 159 0.000 0.000
L-BFGS(W(I)) 260 0.000 0.000
L-BFGS(W(F)) 264 0.000 0.000
L-BFGS(W(Q)) 256 0.000 0.000
GA 22163 4197.382 3383.403
PBIL 158421 0.102 0.038
GSA 57602 0.187 0.136
Random 29802 109460.142 17647.991

MLP(8,SM) SD(B(I)) 327 0.000 0.000
SD(W(I)) 402 0.000 0.000
SD(W(F)) 368 0.000 0.000
SD(W(Q)) 406 0.000 0.000
BFGS(B(I)) 154 0.000 0.000
BFGS(W(I)) 138 0.000 0.000
BFGS(W(F)) 210 0.000 0.000
BFGS(W(Q)) 142 0.000 0.000
L-BFGS(B(I)) 232 0.750 0.000
L-BFGS(W(I)) 112 0.000 0.000
L-BFGS(W(F)) 168 0.000 0.000
L-BFGS(W(Q)) 102 0.000 0.000
GA 19122 0.000 0.000
PBIL 20202 0.000 0.000
GSA 21202 0.000 0.000
Random 22202 0.000 0.000

RBF(2) SD(B(I)) 88 0.235 0.000
SD(W(I)) 108 0.235 0.000
SD(W(F)) 140 0.235 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 120 0.235 0.000
BFGS(B(I)) 53 0.235 0.000
BFGS(W(I)) 30 0.235 0.000
BFGS(W(F)) 96 0.235 0.000
BFGS(W(Q)) 94 0.235 0.000
L-BFGS(B(I)) 53 0.235 0.000
L-BFGS(W(I)) 30 0.235 0.000
L-BFGS(W(F)) 86 0.235 0.000
L-BFGS(W(Q)) 88 0.235 0.000
GA 24390 0.971 1.248
PBIL 21330 0.235 0.001
GSA 52502 0.235 0.030
Random 34202 4.735 1.817

RBF(4) SD(B(I)) 79 0.000 0.000
SD(W(I)) 88 0.000 0.000
SD(W(F)) 90 0.000 0.000
SD(W(Q)) 94 0.000 0.000
BFGS(B(I)) 48 0.000 0.000
BFGS(W(I)) 26 0.000 0.000
BFGS(W(F)) 76 0.000 0.000
BFGS(W(Q)) 74 0.000 0.000
L-BFGS(B(I)) 44 0.000 0.000
L-BFGS(W(I)) 26 0.000 0.000
L-BFGS(W(F)) 80 0.000 0.000
L-BFGS(W(Q)) 66 0.000 0.000
GA 63031 21.452 3.424
PBIL 26725 0.080 0.352
GSA 41202 0.012 0.113
Random 23302 70.139 9.944

RBF(8) SD(B(I)) 111 0.000 0.000
SD(W(I)) 122 0.000 0.000
SD(W(F)) 110 0.000 0.000
SD(W(Q)) 146 0.000 0.000
BFGS(B(I)) 44 0.000 0.000
BFGS(W(I)) 26 0.000 0.000
BFGS(W(F)) 100 0.000 0.000
BFGS(W(Q)) 78 0.000 0.000
L-BFGS(B(I)) 44 0.000 0.000
L-BFGS(W(I)) 30 0.000 0.000
L-BFGS(W(F)) 84 0.000 0.000
L-BFGS(W(Q)) 66 0.000 0.000
GA 30525 15.958 4.580
PBIL 41615 0.005 0.049
GSA 39702 0.004 0.087
Random 21502 21.599 3.420

MAE LinReg SD(B(I)) 5 0.500 0.000
SD(W(I)) 6 0.500 0.000
SD(W(F)) 6 0.500 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 6 0.500 0.000
BFGS(B(I)) 5 0.500 0.000
BFGS(W(I)) 6 0.500 0.000
BFGS(W(F)) 6 0.500 0.000
BFGS(W(Q)) 6 0.500 0.000
L-BFGS(B(I)) 5 0.500 0.000
L-BFGS(W(I)) 6 0.500 0.000
L-BFGS(W(F)) 6 0.500 0.000
L-BFGS(W(Q)) 6 0.500 0.000
GA 36628 3.412 0.661
PBIL 17938 0.500 0.612
GSA 24002 0.500 0.000
Random 22202 7.257 0.500

LogReg SD(B(I)) 58 0.250 0.000
SD(W(I)) 166 0.376 0.000
SD(W(F)) 128 0.375 0.000
SD(W(Q)) 98 0.250 0.000
BFGS(B(I)) 11719 0.496 0.217
BFGS(W(I)) 172 0.375 0.000
BFGS(W(F)) 430 0.625 0.331
BFGS(W(Q)) 218 0.374 0.005
L-BFGS(B(I)) 28 0.625 0.000
L-BFGS(W(I)) 462 0.375 0.000
L-BFGS(W(F)) 41292 0.375 0.217
L-BFGS(W(Q)) 270 0.375 0.217
GA 22426 0.250 0.000
PBIL 17447 0.250 0.000
GSA 60102 0.250 0.000
Random 56102 0.250 0.000

MLP(2) SD(B(I)) 1077 0.500 0.003
SD(W(I)) 41252 0.462 0.112
SD(W(F)) 41340 0.488 0.047
SD(W(Q)) 41342 0.492 0.047
BFGS(B(I)) 11634 0.432 0.178
BFGS(W(I)) 60042 0.484 0.094
BFGS(W(F)) 41268 0.470 0.283
BFGS(W(Q)) 60438 0.485 0.092
L-BFGS(B(I)) 5663 0.500 0.000
L-BFGS(W(I)) 41244 0.497 0.044
L-BFGS(W(F)) 41262 0.470 0.212
L-BFGS(W(Q)) 41260 0.495 0.065
GA 34824 0.376 0.216
PBIL 22721 0.375 0.227
GSA 48202 0.376 0.208
Random 51002 0.436 0.111

MLP(2,SM) SD(B(I)) 273 0.125 0.001
SD(W(I)) 264 0.375 0.000
SD(W(F)) 350 0.125 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 298 0.125 0.000
BFGS(B(I)) 362 0.375 0.000
BFGS(W(I)) 216 0.125 0.000
BFGS(W(F)) 108 0.375 0.000
BFGS(W(Q)) 180 0.125 0.000
L-BFGS(B(I)) 14 0.375 0.000
L-BFGS(W(I)) 180 0.125 0.000
L-BFGS(W(F)) 170 0.125 0.000
L-BFGS(W(Q)) 164 0.125 0.000
GA 19662 0.125 0.000
PBIL 35753 0.071 0.081
GSA 20702 0.125 0.000
Random 25902 0.125 0.000

MLP(4) SD(B(I)) 1083 0.498 0.014
SD(W(I)) 41228 0.498 0.016
SD(W(F)) 41412 0.498 0.016
SD(W(Q)) 41210 0.498 0.016
BFGS(B(I)) 50204 0.000 1.608
BFGS(W(I)) 41032 0.498 0.016
BFGS(W(F)) 41206 0.498 0.429
BFGS(W(Q)) 41014 0.498 0.016
L-BFGS(B(I)) 53882 0.252 0.279
L-BFGS(W(I)) 41220 0.498 0.016
L-BFGS(W(F)) 41200 0.498 0.016
L-BFGS(W(Q)) 41202 0.498 0.016
GA 32447 0.400 0.172
PBIL 46082 0.130 0.366
GSA 42802 0.175 0.367
Random 26802 16.791 4.391

MLP(4,SM) SD(B(I)) 152 0.125 0.000
SD(W(I)) 62 0.000 0.000
SD(W(F)) 86 0.000 0.000
SD(W(Q)) 80 0.000 0.000
BFGS(B(I)) 222 0.500 0.000
BFGS(W(I)) 128 0.250 0.000
BFGS(W(F)) 126 0.000 0.000
BFGS(W(Q)) 98 0.250 0.000
L-BFGS(B(I)) 20 0.250 0.000
L-BFGS(W(I)) 48 0.250 0.000
L-BFGS(W(F)) 210 0.000 0.000
L-BFGS(W(Q)) 130 0.000 0.000
GA 19454 0.000 0.000
PBIL 22402 0.000 0.000
GSA 21102 0.000 0.001
Random 25302 0.000 0.000

MLP(8) SD(B(I)) 1301 0.494 0.031
SD(W(I)) 41164 0.473 0.305
SD(W(F)) 41512 0.469 0.086
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 41212 0.469 0.086
BFGS(B(I)) 28908 0.000 1.397
BFGS(W(I)) 280624 0.000 1.008
BFGS(W(F)) 41016 0.469 0.086
BFGS(W(Q)) 41410 0.469 0.086
L-BFGS(B(I)) 49579 0.000 0.553
L-BFGS(W(I)) 41142 0.469 0.320
L-BFGS(W(F)) 42424 0.469 0.658
L-BFGS(W(Q)) 41204 0.469 0.086
GA 28257 0.593 0.169
PBIL 101713 0.125 0.372
GSA 42902 0.159 0.763
Random 47202 234.724 36.938

MLP(8,SM) SD(B(I)) 34 0.250 0.000
SD(W(I)) 242 0.250 0.000
SD(W(F)) 144 0.250 0.000
SD(W(Q)) 104 0.250 0.000
BFGS(B(I)) 115 0.500 0.000
BFGS(W(I)) 56 0.250 0.000
BFGS(W(F)) 110 0.250 0.000
BFGS(W(Q)) 62 0.250 0.000
L-BFGS(B(I)) 37 0.250 0.000
L-BFGS(W(I)) 110 0.250 0.000
L-BFGS(W(F)) 126 0.000 0.000
L-BFGS(W(Q)) 132 0.250 0.000
GA 19848 0.000 0.000
PBIL 20902 0.000 0.000
GSA 21202 0.000 0.000
Random 23702 0.000 0.000

RBF(2) SD(B(I)) 1172 0.495 0.075
SD(W(I)) 41684 0.371 0.319
SD(W(F)) 41638 0.438 0.075
SD(W(Q)) 42146 0.395 0.319
BFGS(B(I)) 13334 0.367 0.217
BFGS(W(I)) 79882 0.367 0.162
BFGS(W(F)) 97938 0.367 0.311
BFGS(W(Q)) 120432 0.367 0.381
L-BFGS(B(I)) 13346 0.367 0.232
L-BFGS(W(I)) 41234 0.393 0.075
L-BFGS(W(F)) 41238 0.385 0.075
L-BFGS(W(Q)) 41236 0.385 0.075
GA 24779 0.839 0.381
PBIL 18038 0.383 0.075
GSA 25502 0.396 0.075
Random 22202 1.603 0.381

RBF(4) SD(B(I)) 1855 0.026 0.383
SD(W(I)) 42278 0.023 0.387
SD(W(F)) 41822 0.006 0.496
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 41826 0.009 0.491
BFGS(B(I)) 18662 0.000 0.299
BFGS(W(I)) 100882 0.000 0.246
BFGS(W(F)) 20540 0.000 0.000
BFGS(W(Q)) 119556 0.000 0.174
L-BFGS(B(I)) 19048 0.000 0.304
L-BFGS(W(I)) 42000 0.000 0.339
L-BFGS(W(F)) 41852 0.000 0.465
L-BFGS(W(Q)) 42856 0.000 0.341
GA 69292 2.789 0.609
PBIL 28547 0.040 0.335
GSA 33002 0.084 0.491
Random 58702 5.897 0.491

RBF(8) SD(B(I)) 8515 0.179 0.433
SD(W(I)) 44756 0.009 0.198
SD(W(F)) 41682 0.008 0.198
SD(W(Q)) 42422 0.027 0.353
BFGS(B(I)) 23968 0.000 0.153
BFGS(W(I)) 141310 0.000 0.198
BFGS(W(F)) 888 0.000 0.000
BFGS(W(Q)) 42200 0.000 0.153
L-BFGS(B(I)) 20701 0.000 0.250
L-BFGS(W(I)) 42486 0.000 0.667
L-BFGS(W(F)) 41268 0.000 0.364
L-BFGS(W(Q)) 42336 0.000 0.364
GA 19957 3.679 0.612
PBIL 40005 0.004 0.353
GSA 33102 0.060 0.433
Random 21502 4.122 0.353

HL LinReg SD(B(I)) 5 1.000 0.000
SD(W(I)) 6 1.000 0.000
SD(W(F)) 6 1.000 0.000
SD(W(Q)) 6 1.000 0.000
BFGS(B(I)) 5 1.000 0.000
BFGS(W(I)) 6 1.000 0.000
BFGS(W(F)) 6 1.000 0.000
BFGS(W(Q)) 6 1.000 0.000
L-BFGS(B(I)) 5 1.000 0.000
L-BFGS(W(I)) 6 1.000 0.000
L-BFGS(W(F)) 6 1.000 0.000
L-BFGS(W(Q)) 6 1.000 0.000
GA 36628 3.912 0.661
PBIL 17938 1.000 0.612
GSA 22902 1.000 0.000
Random 22202 7.757 0.500

LogReg SD(B(I)) 49 0.500 0.000
SD(W(I)) 192 0.751 0.000
SD(W(F)) 124 0.750 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 102 0.750 0.000
BFGS(B(I)) 133 0.750 0.000
BFGS(W(I)) 114 0.750 0.000
BFGS(W(F)) 314 0.750 0.433
BFGS(W(Q)) 41514 0.500 0.433
L-BFGS(B(I)) 28 1.250 0.000
L-BFGS(W(I)) 460 0.750 0.000
L-BFGS(W(F)) 288 0.750 0.433
L-BFGS(W(Q)) 41272 0.750 0.433
GA 22426 0.500 0.000
PBIL 18186 0.500 0.000
GSA 58902 0.500 0.000
Random 56102 0.500 0.000

MLP(2) SD(B(I)) 1067 1.000 0.006
SD(W(I)) 41252 0.936 0.433
SD(W(F)) 41244 0.975 0.097
SD(W(Q)) 41976 0.903 0.254
BFGS(B(I)) 3889 1.000 0.000
BFGS(W(I)) 60774 0.500 0.001
BFGS(W(F)) 60384 0.502 0.015
BFGS(W(Q)) 60550 0.501 0.003
L-BFGS(B(I)) 7842 0.500 0.000
L-BFGS(W(I)) 41542 0.989 0.114
L-BFGS(W(F)) 44776 0.536 1.374
L-BFGS(W(Q)) 41916 0.800 1.287
GA 30200 0.251 0.001
PBIL 20497 0.500 0.000
GSA 92402 0.250 0.000
Random 37002 0.250 0.000

MLP(2,SM) SD(B(I)) 112 0.250 0.000
SD(W(I)) 106 0.750 0.000
SD(W(F)) 364 0.250 0.001
SD(W(Q)) 346 0.250 0.001
BFGS(B(I)) 18 0.750 0.000
BFGS(W(I)) 246 0.250 0.000
BFGS(W(F)) 210 0.250 0.000
BFGS(W(Q)) 122 0.750 0.000
L-BFGS(B(I)) 14 0.750 0.000
L-BFGS(W(I)) 130 0.750 0.000
L-BFGS(W(F)) 114 0.750 0.000
L-BFGS(W(Q)) 254 0.250 0.001
GA 19662 0.250 0.000
PBIL 35639 0.143 0.161
GSA 20702 0.250 0.000
Random 25902 0.250 0.000

MLP(4) SD(B(I)) 1630 0.996 0.027
SD(W(I)) 41224 0.995 0.033
SD(W(F)) 41210 0.995 0.031

(cont. on next page)

85



Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 41412 0.995 0.031
BFGS(B(I)) 1475 0.000 0.000
BFGS(W(I)) 41222 0.995 0.424
BFGS(W(F)) 41206 0.995 0.424
BFGS(W(Q)) 41206 0.995 0.424
L-BFGS(B(I)) 2532 0.250 0.000
L-BFGS(W(I)) 41422 0.995 0.032
L-BFGS(W(F)) 42412 0.995 0.032
L-BFGS(W(Q)) 41202 0.995 0.032
GA 31468 0.000 0.000
PBIL 20602 0.000 0.000
GSA 21102 0.410 4.492
Random 24702 0.000 0.000

MLP(4,SM) SD(B(I)) 241 0.000 0.000
SD(W(I)) 58 0.000 0.000
SD(W(F)) 78 0.000 0.000
SD(W(Q)) 88 0.000 0.000
BFGS(B(I)) 164 0.750 0.000
BFGS(W(I)) 100 0.500 0.000
BFGS(W(F)) 120 0.000 0.000
BFGS(W(Q)) 72 0.500 0.000
L-BFGS(B(I)) 19 0.500 0.000
L-BFGS(W(I)) 244 0.000 0.000
L-BFGS(W(F)) 82 0.000 0.000
L-BFGS(W(Q)) 56 0.000 0.000
GA 19365 0.000 0.000
PBIL 20602 0.000 0.000
GSA 21102 0.000 0.002
Random 20202 0.000 0.000

MLP(8) SD(B(I)) 1081 0.987 0.063
SD(W(I)) 41640 0.787 0.704
SD(W(F)) 41584 0.845 0.730
SD(W(Q)) 41880 0.717 0.803
BFGS(B(I)) 2805 0.000 0.000
BFGS(W(I)) 310 0.000 0.000
BFGS(W(F)) 41434 0.904 0.244
BFGS(W(Q)) 19704 0.000 0.000
L-BFGS(B(I)) 1499 0.000 0.000
L-BFGS(W(I)) 128 0.000 0.000
L-BFGS(W(F)) 1118 0.000 0.000
L-BFGS(W(Q)) 41436 0.879 0.788
GA 20842 0.000 0.000
PBIL 21602 0.000 0.000
GSA 24102 0.000 0.000
Random 23702 0.000 0.000

MLP(8,SM) SD(B(I)) 70 0.500 0.000
SD(W(I)) 262 0.000 0.000
SD(W(F)) 212 0.000 0.000

(cont. on next page)

86



Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 154 0.000 0.000
BFGS(B(I)) 65 0.500 0.000
BFGS(W(I)) 86 0.500 0.000
BFGS(W(F)) 290 0.500 0.000
BFGS(W(Q)) 278 1.500 0.000
L-BFGS(B(I)) 53 0.500 0.000
L-BFGS(W(I)) 118 0.500 0.000
L-BFGS(W(F)) 64 0.500 0.000
L-BFGS(W(Q)) 66 0.500 0.000
GA 19092 0.000 0.000
PBIL 20202 0.000 0.000
GSA 21102 0.000 0.000
Random 20302 0.000 0.000

RBF(2) SD(B(I)) 1173 0.987 0.150
SD(W(I)) 41108 0.754 0.365
SD(W(F)) 41480 0.798 0.464
SD(W(Q)) 41364 0.744 0.325
BFGS(B(I)) 13166 0.734 0.623
BFGS(W(I)) 336686 0.734 0.493
BFGS(W(F)) 135638 0.734 0.434
BFGS(W(Q)) 136456 0.734 0.325
L-BFGS(B(I)) 12761 0.734 0.365
L-BFGS(W(I)) 41258 0.749 0.325
L-BFGS(W(F)) 41472 0.741 0.365
L-BFGS(W(Q)) 41654 0.747 0.325
GA 26823 1.368 0.686
PBIL 16487 0.738 0.365
GSA 50802 0.753 0.150
Random 22202 1.627 0.365

RBF(4) SD(B(I)) 33 0.000 0.000
SD(W(I)) 28 0.000 0.000
SD(W(F)) 38 0.000 0.000
SD(W(Q)) 24 0.000 0.000
BFGS(B(I)) 24 0.000 0.000
BFGS(W(I)) 24 0.000 0.000
BFGS(W(F)) 20 0.000 0.000
BFGS(W(Q)) 24 0.000 0.000
L-BFGS(B(I)) 26 0.000 0.000
L-BFGS(W(I)) 26 0.000 0.000
L-BFGS(W(F)) 28 0.000 0.000
L-BFGS(W(Q)) 24 0.000 0.000
GA 19164 0.000 0.000
PBIL 20745 0.000 0.000
GSA 22102 0.000 0.000
Random 21002 0.000 0.000

RBF(8) SD(B(I)) 45 0.000 0.000
SD(W(I)) 68 0.000 0.000
SD(W(F)) 86 0.000 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 38 0.000 0.000
BFGS(B(I)) 30 0.000 0.000
BFGS(W(I)) 30 0.000 0.000
BFGS(W(F)) 22 0.000 0.000
BFGS(W(Q)) 32 0.000 0.000
L-BFGS(B(I)) 31 0.000 0.000
L-BFGS(W(I)) 40 0.000 0.000
L-BFGS(W(F)) 30 0.000 0.000
L-BFGS(W(Q)) 22 0.000 0.000
GA 19177 0.000 0.000
PBIL 21202 0.000 0.000
GSA 22302 0.000 0.000
Random 22802 0.000 0.000

Iris MSE LinReg SD(B(I)) 321 0.093 0.000
SD(W(I)) 308 0.093 0.000
SD(W(F)) 304 0.093 0.000
SD(W(Q)) 370 0.093 0.001
BFGS(B(I)) 76 0.093 0.000
BFGS(W(I)) 90 0.093 0.000
BFGS(W(F)) 126 0.093 0.000
BFGS(W(Q)) 108 0.093 0.000
L-BFGS(B(I)) 99 0.093 0.000
L-BFGS(W(I)) 70 0.093 0.000
L-BFGS(W(F)) 116 0.093 0.000
L-BFGS(W(Q)) 104 0.093 0.000
GA 29841 70.541 6.955
PBIL 42079 3.032 0.766
GSA 32702 0.172 0.177
Random 21802 139.813 6.863

LogReg SD(B(I)) 518 0.063 0.000
SD(W(I)) 666 0.063 0.000
SD(W(F)) 468 0.063 0.001
SD(W(Q)) 598 0.063 0.001
BFGS(B(I)) 195 0.062 0.000
BFGS(W(I)) 268 0.062 0.000
BFGS(W(F)) 440 0.062 0.000
BFGS(W(Q)) 350 0.062 0.000
L-BFGS(B(I)) 178 0.060 0.000
L-BFGS(W(I)) 98 0.062 0.000
L-BFGS(W(F)) 144 0.062 0.001
L-BFGS(W(Q)) 144 0.062 0.001
GA 31752 0.090 0.004
PBIL 60164 0.067 0.000
GSA 47402 0.063 0.003
Random 25102 0.131 0.004

MLP(2) SD(B(I)) 3238 0.113 0.000
SD(W(I)) 3894 0.113 0.001
SD(W(F)) 2588 0.113 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 4740 0.113 0.001
BFGS(B(I)) 223 0.113 0.000
BFGS(W(I)) 320 0.113 0.000
BFGS(W(F)) 1068 0.112 0.000
BFGS(W(Q)) 274 0.113 0.000
L-BFGS(B(I)) 1018 0.112 0.001
L-BFGS(W(I)) 664 0.113 0.000
L-BFGS(W(F)) 1324 0.112 0.000
L-BFGS(W(Q)) 1586 0.112 0.000
GA 40140 0.315 0.018
PBIL 48922 0.318 0.001
GSA 40202 0.224 0.033
Random 37902 0.328 0.005

MLP(2,SM) SD(B(I)) 4102 0.008 0.000
SD(W(I)) 4938 0.008 0.001
SD(W(F)) 3968 0.008 0.001
SD(W(Q)) 5500 0.008 0.001
BFGS(B(I)) 14 0.222 0.000
BFGS(W(I)) 392 0.007 0.000
BFGS(W(F)) 344 0.007 0.000
BFGS(W(Q)) 298 0.007 0.000
L-BFGS(B(I)) 17 0.230 0.000
L-BFGS(W(I)) 266 0.007 0.000
L-BFGS(W(F)) 404 0.007 0.001
L-BFGS(W(Q)) 342 0.007 0.000
GA 45089 0.082 0.003
PBIL 56003 0.077 0.000
GSA 42102 0.069 0.006
Random 21902 0.041 0.163

MLP(4) SD(B(I)) 45852 0.018 0.005
SD(W(I)) 51424 0.020 0.005
SD(W(F)) 40164 0.019 0.002
SD(W(Q)) 40030 0.021 0.002
BFGS(B(I)) 1791 0.011 0.001
BFGS(W(I)) 2350 0.012 0.001
BFGS(W(F)) 3652 0.012 0.000
BFGS(W(Q)) 1476 0.013 0.001
L-BFGS(B(I)) 8617 0.011 0.001
L-BFGS(W(I)) 7402 0.012 0.000
L-BFGS(W(F)) 5668 0.013 0.000
L-BFGS(W(Q)) 8186 0.011 0.000
GA 52656 0.328 0.011
PBIL 89282 0.294 0.002
GSA 39802 0.140 0.066
Random 32102 0.337 0.013

MLP(4,SM) SD(B(I)) 4478 0.008 0.000
SD(W(I)) 5426 0.008 0.000
SD(W(F)) 3552 0.008 0.001

(cont. on next page)

89



Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 5676 0.008 0.000
BFGS(B(I)) 244 0.007 0.000
BFGS(W(I)) 432 0.007 0.000
BFGS(W(F)) 386 0.007 0.000
BFGS(W(Q)) 340 0.007 0.000
L-BFGS(B(I)) 352 0.007 0.000
L-BFGS(W(I)) 310 0.007 0.000
L-BFGS(W(F)) 306 0.007 0.000
L-BFGS(W(Q)) 254 0.007 0.000
GA 20630 0.049 0.002
PBIL 76464 0.009 0.000
GSA 58102 0.008 0.001
Random 55102 0.040 0.002

MLP(8) SD(B(I)) 45851 0.022 0.009
SD(W(I)) 51752 0.023 0.004
SD(W(F)) 40172 0.023 0.003
SD(W(Q)) 40086 0.024 0.003
BFGS(B(I)) 2480 0.010 0.001
BFGS(W(I)) 4092 0.010 0.001
BFGS(W(F)) 5310 0.011 0.001
BFGS(W(Q)) 3304 0.010 0.001
L-BFGS(B(I)) 23580 0.007 0.000
L-BFGS(W(I)) 7854 0.011 0.001
L-BFGS(W(F)) 7104 0.011 0.001
L-BFGS(W(Q)) 10854 0.010 0.002
GA 28242 1466.307 445.059
PBIL 196877 0.286 0.004
GSA 41402 0.113 0.017
Random 40002 102018.850 9840.083

MLP(8,SM) SD(B(I)) 4267 0.008 0.000
SD(W(I)) 5478 0.008 0.000
SD(W(F)) 4246 0.008 0.001
SD(W(Q)) 5346 0.008 0.001
BFGS(B(I)) 271 0.007 0.000
BFGS(W(I)) 398 0.007 0.000
BFGS(W(F)) 420 0.007 0.000
BFGS(W(Q)) 346 0.007 0.000
L-BFGS(B(I)) 163 0.007 0.000
L-BFGS(W(I)) 200 0.007 0.000
L-BFGS(W(F)) 238 0.008 0.001
L-BFGS(W(Q)) 170 0.007 0.000
GA 37730 0.022 0.000
PBIL 29402 0.007 0.000
GSA 105902 0.004 0.011
Random 35002 0.022 0.000

RBF(2) SD(B(I)) 93 0.114 0.000
SD(W(I)) 90 0.114 0.000
SD(W(F)) 108 0.114 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 98 0.114 0.000
BFGS(B(I)) 39 0.114 0.000
BFGS(W(I)) 30 0.114 0.000
BFGS(W(F)) 66 0.114 0.000
BFGS(W(Q)) 68 0.114 0.000
L-BFGS(B(I)) 35 0.114 0.000
L-BFGS(W(I)) 30 0.114 0.000
L-BFGS(W(F)) 88 0.114 0.000
L-BFGS(W(Q)) 84 0.114 0.000
GA 33385 10.802 4.595
PBIL 30202 0.134 0.123
GSA 26602 0.121 0.065
Random 35602 9.263 2.806

RBF(4) SD(B(I)) 940 0.054 0.000
SD(W(I)) 1080 0.054 0.001
SD(W(F)) 866 0.054 0.001
SD(W(Q)) 1134 0.054 0.001
BFGS(B(I)) 85 0.054 0.000
BFGS(W(I)) 90 0.054 0.000
BFGS(W(F)) 138 0.054 0.000
BFGS(W(Q)) 120 0.054 0.000
L-BFGS(B(I)) 91 0.054 0.000
L-BFGS(W(I)) 78 0.054 0.000
L-BFGS(W(F)) 132 0.054 0.000
L-BFGS(W(Q)) 144 0.054 0.000
GA 44583 9.642 2.346
PBIL 59603 0.757 0.161
GSA 62302 0.083 0.076
Random 20202 46.678 4.049

RBF(8) SD(B(I)) 2146 0.032 0.000
SD(W(I)) 2678 0.032 0.000
SD(W(F)) 1918 0.032 0.000
SD(W(Q)) 2550 0.031 0.001
BFGS(B(I)) 158 0.032 0.000
BFGS(W(I)) 182 0.032 0.000
BFGS(W(F)) 256 0.032 0.000
BFGS(W(Q)) 232 0.032 0.000
L-BFGS(B(I)) 262 0.031 0.001
L-BFGS(W(I)) 270 0.031 0.000
L-BFGS(W(F)) 212 0.031 0.000
L-BFGS(W(Q)) 246 0.031 0.000
GA 49269 35.191 4.424
PBIL 89265 7.001 0.564
GSA 54702 0.061 0.045
Random 48002 59.368 5.134

MAE LinReg SD(B(I)) 9580 0.231 0.021
SD(W(I)) 55142 0.231 0.017
SD(W(F)) 60412 0.231 0.016
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 47900 0.231 0.017
BFGS(B(I)) 14671 0.230 0.115
BFGS(W(I)) 374694 0.230 0.011
BFGS(W(F)) 464668 0.230 0.022
BFGS(W(Q)) 384840 0.230 0.025
L-BFGS(B(I)) 56715 0.230 0.113
L-BFGS(W(I)) 43380 0.230 0.108
L-BFGS(W(F)) 41546 0.230 0.014
L-BFGS(W(Q)) 41930 0.230 0.029
GA 48962 5.540 0.404
PBIL 52922 1.578 0.082
GSA 78802 0.261 0.254
Random 21802 9.000 0.227

LogReg SD(B(I)) 368 0.099 0.001
SD(W(I)) 474 0.099 0.000
SD(W(F)) 212 0.123 0.001
SD(W(Q)) 462 0.097 0.001
BFGS(B(I)) 58 0.133 0.000
BFGS(W(I)) 86 0.133 0.000
BFGS(W(F)) 240 0.133 0.009
BFGS(W(Q)) 236 0.133 0.009
L-BFGS(B(I)) 54 0.123 0.000
L-BFGS(W(I)) 96 0.120 0.001
L-BFGS(W(F)) 72 0.124 0.001
L-BFGS(W(Q)) 56 0.122 0.000
GA 31045 0.094 0.003
PBIL 25020 0.101 0.002
GSA 87902 0.089 0.000
Random 41302 0.142 0.001

MLP(2) SD(B(I)) 16269 0.327 0.097
SD(W(I)) 43308 0.318 0.106
SD(W(F)) 46288 0.322 0.082
SD(W(Q)) 49038 0.324 0.088
BFGS(B(I)) 80219 0.257 2.207
BFGS(W(I)) 568378 0.154 2.521
BFGS(W(F)) 379068 0.155 2.089
BFGS(W(Q)) 224436 0.157 1.376
L-BFGS(B(I)) 15387 0.242 0.009
L-BFGS(W(I)) 41850 0.228 0.142
L-BFGS(W(F)) 43222 0.179 0.926
L-BFGS(W(Q)) 41966 0.190 0.518
GA 55042 0.329 0.007
PBIL 41646 0.313 0.007
GSA 23502 0.265 0.063
Random 37902 0.332 0.010

MLP(2,SM) SD(B(I)) 3634 0.008 0.000
SD(W(I)) 4104 0.008 0.001
SD(W(F)) 2744 0.008 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 4070 0.008 0.001
BFGS(B(I)) 211 0.220 0.000
BFGS(W(I)) 294 0.022 0.000
BFGS(W(F)) 406 0.022 0.000
BFGS(W(Q)) 216 0.022 0.000
L-BFGS(B(I)) 14 0.444 0.000
L-BFGS(W(I)) 236 0.022 0.000
L-BFGS(W(F)) 180 0.022 0.000
L-BFGS(W(Q)) 268 0.141 0.003
GA 38649 0.015 0.000
PBIL 57825 0.146 0.001
GSA 110802 0.007 0.000
Random 21902 0.042 0.116

MLP(4) SD(B(I)) 7449 0.232 0.021
SD(W(I)) 75130 0.115 0.024
SD(W(F)) 40170 0.167 0.051
SD(W(Q)) 42446 0.144 0.035
BFGS(B(I)) 244817 0.022 1.626
BFGS(W(I)) 428324 0.030 0.172
BFGS(W(F)) 236302 0.034 0.123
BFGS(W(Q)) 517028 0.052 0.357
L-BFGS(B(I)) 139003 0.259 3.541
L-BFGS(W(I)) 57702 0.100 0.044
L-BFGS(W(F)) 45190 0.092 0.072
L-BFGS(W(Q)) 44440 0.096 0.044
GA 20256 0.332 0.003
PBIL 70995 0.309 0.007
GSA 28902 0.214 0.061
Random 32102 0.339 0.011

MLP(4,SM) SD(B(I)) 3675 0.008 0.000
SD(W(I)) 96 0.183 0.018
SD(W(F)) 3222 0.008 0.001
SD(W(Q)) 4678 0.008 0.001
BFGS(B(I)) 196 0.030 0.000
BFGS(W(I)) 328 0.104 0.000
BFGS(W(F)) 244 0.119 0.000
BFGS(W(Q)) 514 0.232 0.000
L-BFGS(B(I)) 22 0.652 0.000
L-BFGS(W(I)) 330 0.015 0.000
L-BFGS(W(F)) 204 0.015 0.000
L-BFGS(W(Q)) 210 0.133 0.000
GA 25359 0.030 0.000
PBIL 28002 0.007 0.000
GSA 20202 0.148 0.000
Random 38602 0.045 0.033

MLP(8) SD(B(I)) 19965 0.233 0.032
SD(W(I)) 42550 0.232 0.035
SD(W(F)) 40116 0.233 0.021
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 62644 0.233 0.029
BFGS(B(I)) 88939 0.009 1.318
BFGS(W(I)) 232264 0.010 0.644
BFGS(W(F)) 98782 0.015 0.544
BFGS(W(Q)) 216770 0.012 0.939
L-BFGS(B(I)) 271493 0.065 0.029
L-BFGS(W(I)) 43190 0.109 0.034
L-BFGS(W(F)) 53406 0.086 0.028
L-BFGS(W(Q)) 42662 0.112 0.037
GA 62045 9.332 2.404
PBIL 203506 0.306 0.007
GSA 97702 0.208 0.043
Random 27102 152.290 9.210

MLP(8,SM) SD(B(I)) 3180 0.008 0.000
SD(W(I)) 3960 0.008 0.000
SD(W(F)) 2588 0.008 0.001
SD(W(Q)) 3516 0.008 0.001
BFGS(B(I)) 154 0.022 0.000
BFGS(W(I)) 196 0.030 0.000
BFGS(W(F)) 172 0.022 0.000
BFGS(W(Q)) 206 0.030 0.000
L-BFGS(B(I)) 11 0.667 0.000
L-BFGS(W(I)) 214 0.015 0.000
L-BFGS(W(F)) 150 0.015 0.000
L-BFGS(W(Q)) 178 0.015 0.000
GA 22729 0.022 0.000
PBIL 32502 0.007 0.000
GSA 299802 0.007 0.000
Random 35002 0.022 0.000

RBF(2) SD(B(I)) 10097 0.288 0.111
SD(W(I)) 47360 0.283 0.172
SD(W(F)) 45974 0.273 0.109
SD(W(Q)) 45490 0.280 0.180
BFGS(B(I)) 11724 0.231 0.411
BFGS(W(I)) 210130 0.231 0.055
BFGS(W(F)) 251310 0.231 0.160
BFGS(W(Q)) 273392 0.231 0.140
L-BFGS(B(I)) 3215 0.231 0.139
L-BFGS(W(I)) 41790 0.231 0.412
L-BFGS(W(F)) 42508 0.231 0.140
L-BFGS(W(Q)) 41790 0.231 0.211
GA 35757 1.678 0.618
PBIL 24818 0.246 0.095
GSA 49902 0.248 0.270
Random 35602 2.561 0.479

RBF(4) SD(B(I)) 14104 0.137 0.014
SD(W(I)) 41880 0.135 0.010
SD(W(F)) 40536 0.136 0.015
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 84400 0.137 0.017
BFGS(B(I)) 19869 0.133 0.010
BFGS(W(I)) 41670 0.133 0.002
BFGS(W(F)) 341410 0.133 0.009
BFGS(W(Q)) 63402 0.133 0.002
L-BFGS(B(I)) 24098 0.133 0.004
L-BFGS(W(I)) 41916 0.135 0.010
L-BFGS(W(F)) 41630 0.135 0.027
L-BFGS(W(Q)) 43304 0.133 0.015
GA 42671 3.090 0.313
PBIL 37491 1.131 0.137
GSA 62102 0.165 0.219
Random 71802 4.404 0.271

RBF(8) SD(B(I)) 45864 0.121 0.027
SD(W(I)) 42888 0.117 0.018
SD(W(F)) 40252 0.119 0.029
SD(W(Q)) 44382 0.119 0.030
BFGS(B(I)) 24960 0.095 0.012
BFGS(W(I)) 211676 0.095 0.012
BFGS(W(F)) 422582 0.095 0.020
BFGS(W(Q)) 519926 0.095 0.013
L-BFGS(B(I)) 38239 0.095 0.010
L-BFGS(W(I)) 43194 0.096 0.018
L-BFGS(W(F)) 43308 0.095 0.010
L-BFGS(W(Q)) 43824 0.095 0.014
GA 63173 4.375 0.395
PBIL 84305 1.718 0.061
GSA 78002 0.156 0.052
Random 26302 7.029 0.217

HL LinReg SD(B(I)) 6415 0.227 0.024
SD(W(I)) 44278 0.219 0.014
SD(W(F)) 50602 0.219 0.014
SD(W(Q)) 43056 0.219 0.013
BFGS(B(I)) 11152 0.205 0.010
BFGS(W(I)) 426142 0.205 0.012
BFGS(W(F)) 41704 0.206 0.010
BFGS(W(Q)) 81018 0.206 0.004
L-BFGS(B(I)) 32230 0.208 0.013
L-BFGS(W(I)) 41918 0.207 0.010
L-BFGS(W(F)) 42266 0.208 0.009
L-BFGS(W(Q)) 41844 0.205 0.012
GA 40260 1.288 0.201
PBIL 51681 0.345 0.056
GSA 56002 0.223 0.076
Random 25102 2.720 0.128

LogReg SD(B(I)) 887 0.185 0.000
SD(W(I)) 1152 0.185 0.000
SD(W(F)) 954 0.182 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 970 0.183 0.001
BFGS(B(I)) 77 0.259 0.000
BFGS(W(I)) 144 0.259 0.000
BFGS(W(F)) 41030 0.267 0.009
BFGS(W(Q)) 312 0.259 0.017
L-BFGS(B(I)) 66 0.245 0.000
L-BFGS(W(I)) 94 0.238 0.000
L-BFGS(W(F)) 80 0.247 0.000
L-BFGS(W(Q)) 56 0.244 0.000
GA 31045 0.188 0.007
PBIL 25020 0.201 0.003
GSA 110802 0.178 0.000
Random 41302 0.283 0.002

MLP(2) SD(B(I)) 1483 0.643 0.093
SD(W(I)) 42218 0.362 0.349
SD(W(F)) 41728 0.343 0.158
SD(W(Q)) 41878 0.635 0.208
BFGS(B(I)) 2394 0.259 0.000
BFGS(W(I)) 900796 0.230 0.289
BFGS(W(F)) 398654 0.236 0.223
BFGS(W(Q)) 688398 0.233 0.583
L-BFGS(B(I)) 4130 0.445 0.000
L-BFGS(W(I)) 41510 0.255 0.197
L-BFGS(W(F)) 42026 0.244 0.202
L-BFGS(W(Q)) 41548 0.271 0.230
GA 25522 0.279 0.016
PBIL 53254 0.246 0.001
GSA 237002 0.238 0.002
Random 81602 0.305 0.007

MLP(2,SM) SD(B(I)) 4395 0.015 0.000
SD(W(I)) 5398 0.015 0.000
SD(W(F)) 3530 0.015 0.001
SD(W(Q)) 5186 0.015 0.000
BFGS(B(I)) 44 0.444 0.000
BFGS(W(I)) 336 0.059 0.000
BFGS(W(F)) 310 0.044 0.000
BFGS(W(Q)) 216 0.044 0.000
L-BFGS(B(I)) 14 0.889 0.000
L-BFGS(W(I)) 154 0.059 0.000
L-BFGS(W(F)) 214 0.030 0.000
L-BFGS(W(Q)) 184 0.059 0.000
GA 38649 0.030 0.000
PBIL 57825 0.292 0.001
GSA 149202 0.015 0.000
Random 21902 0.085 0.231

MLP(4) SD(B(I)) 5198 0.063 0.033
SD(W(I)) 45098 0.056 0.036
SD(W(F)) 46610 0.056 0.033
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 44814 0.057 0.036
BFGS(B(I)) 242118 0.016 0.010
BFGS(W(I)) 117534 0.029 0.012
BFGS(W(F)) 46316 0.030 0.009
BFGS(W(Q)) 175422 0.028 0.006
L-BFGS(B(I)) 25336 0.030 0.006
L-BFGS(W(I)) 41586 0.040 0.005
L-BFGS(W(F)) 41540 0.037 0.006
L-BFGS(W(Q)) 41668 0.046 0.014
GA 54828 0.257 0.011
PBIL 176872 0.122 0.308
GSA 51902 0.033 0.030
Random 32102 0.668 0.003

MLP(4,SM) SD(B(I)) 4849 0.015 0.000
SD(W(I)) 4672 0.015 0.000
SD(W(F)) 4180 0.015 0.001
SD(W(Q)) 5974 0.015 0.001
BFGS(B(I)) 291 0.044 0.000
BFGS(W(I)) 252 0.356 0.000
BFGS(W(F)) 162 0.044 0.000
BFGS(W(Q)) 124 0.356 0.000
L-BFGS(B(I)) 31 1.319 0.000
L-BFGS(W(I)) 202 0.356 0.000
L-BFGS(W(F)) 192 0.030 0.000
L-BFGS(W(Q)) 112 0.296 0.000
GA 25359 0.059 0.000
PBIL 28002 0.015 0.000
GSA 20202 0.296 0.000
Random 38602 0.090 0.066

MLP(8) SD(B(I)) 8012 0.066 0.041
SD(W(I)) 49232 0.052 0.025
SD(W(F)) 50496 0.057 0.025
SD(W(Q)) 46326 0.058 0.040
BFGS(B(I)) 12433 0.000 0.000
BFGS(W(I)) 561908 0.027 0.024
BFGS(W(F)) 65752 0.029 0.006
BFGS(W(Q)) 107160 0.025 0.008
L-BFGS(B(I)) 37561 0.029 0.033
L-BFGS(W(I)) 42908 0.039 0.020
L-BFGS(W(F)) 44860 0.032 0.012
L-BFGS(W(Q)) 41604 0.045 0.039
GA 23128 1.645 0.784
PBIL 164611 0.229 0.009
GSA 117902 0.015 0.008
Random 35502 28.939 4.125

MLP(8,SM) SD(B(I)) 4372 0.015 0.000
SD(W(I)) 108 0.279 0.086
SD(W(F)) 3604 0.015 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 4738 0.015 0.001
BFGS(B(I)) 14 0.444 0.000
BFGS(W(I)) 318 0.030 0.000
BFGS(W(F)) 184 0.059 0.000
BFGS(W(Q)) 276 0.059 0.000
L-BFGS(B(I)) 11 1.333 0.000
L-BFGS(W(I)) 228 0.030 0.000
L-BFGS(W(F)) 142 0.030 0.000
L-BFGS(W(Q)) 240 0.044 0.000
GA 22729 0.044 0.000
PBIL 32502 0.015 0.000
GSA 139502 0.003 0.016
Random 35002 0.044 0.000

RBF(2) SD(B(I)) 1851 0.456 0.310
SD(W(I)) 41912 0.416 0.266
SD(W(F)) 41616 0.406 0.095
SD(W(Q)) 41480 0.420 0.210
BFGS(B(I)) 7503 0.262 0.189
BFGS(W(I)) 435170 0.262 0.283
BFGS(W(F)) 207080 0.262 0.092
BFGS(W(Q)) 191120 0.262 0.092
L-BFGS(B(I)) 12328 0.262 0.092
L-BFGS(W(I)) 41588 0.263 0.279
L-BFGS(W(F)) 41474 0.262 0.054
L-BFGS(W(Q)) 41328 0.263 0.065
GA 31633 0.524 0.286
PBIL 24755 0.737 0.054
GSA 73202 0.266 0.283
Random 33502 0.885 0.190

RBF(4) SD(B(I)) 2547 0.176 0.013
SD(W(I)) 42006 0.173 0.009
SD(W(F)) 42328 0.174 0.010
SD(W(Q)) 41964 0.174 0.010
BFGS(B(I)) 41247 0.121 0.010
BFGS(W(I)) 86634 0.156 0.009
BFGS(W(F)) 86284 0.154 0.002
BFGS(W(Q)) 616468 0.122 0.002
L-BFGS(B(I)) 20650 0.140 0.009
L-BFGS(W(I)) 41372 0.170 0.009
L-BFGS(W(F)) 41634 0.169 0.002
L-BFGS(W(Q)) 41778 0.151 0.010
GA 20864 0.343 0.021
PBIL 42507 0.233 0.014
GSA 37102 0.179 0.019
Random 40802 0.843 0.220

RBF(8) SD(B(I)) 5765 0.084 0.013
SD(W(I)) 47410 0.069 0.013
SD(W(F)) 40368 0.067 0.009
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 46114 0.069 0.009
BFGS(B(I)) 42323 0.035 0.002
BFGS(W(I)) 490796 0.037 0.001
BFGS(W(F)) 1116188 0.035 0.008
BFGS(W(Q)) 1142390 0.035 0.008
L-BFGS(B(I)) 19857 0.041 0.001
L-BFGS(W(I)) 65118 0.045 0.001
L-BFGS(W(F)) 41454 0.051 0.003
L-BFGS(W(Q)) 42116 0.044 0.008
GA 30976 0.302 0.075
PBIL 82888 0.065 0.002
GSA 138702 0.047 0.012
Random 52302 1.588 0.244

Cancer MSE LinReg SD(B(I)) 45482 0.052 0.000
SD(W(I)) 52322 0.052 0.001
SD(W(F)) 40292 0.052 0.001
SD(W(Q)) 40028 0.052 0.001
BFGS(B(I)) 453 0.052 0.000
BFGS(W(I)) 968 0.052 0.000
BFGS(W(F)) 1100 0.052 0.000
BFGS(W(Q)) 504 0.052 0.001
L-BFGS(B(I)) 1920 0.052 0.001
L-BFGS(W(I)) 2886 0.052 0.000
L-BFGS(W(F)) 2006 0.052 0.000
L-BFGS(W(Q)) 1882 0.052 0.002
GA 37081 456.203 14.028
PBIL 216327 44.557 1.474
GSA 152502 0.332 0.607
Random 37902 402.979 14.187

LogReg SD(B(I)) 2220 0.015 0.000
SD(W(I)) 3046 0.014 0.000
SD(W(F)) 1992 0.014 0.001
SD(W(Q)) 2728 0.014 0.001
BFGS(B(I)) 10605 0.009 0.014
BFGS(W(I)) 402 0.013 0.000
BFGS(W(F)) 780 0.012 0.000
BFGS(W(Q)) 322 0.014 0.000
L-BFGS(B(I)) 248 0.004 0.000
L-BFGS(W(I)) 470 0.005 0.000
L-BFGS(W(F)) 134 0.019 0.000
L-BFGS(W(Q)) 154 0.012 0.001
GA 28588 0.061 0.003
PBIL 188124 0.014 0.000
GSA 127602 0.013 0.002
Random 32402 0.087 0.003

MLP(2) SD(B(I)) 45854 0.040 0.003
SD(W(I)) 51526 0.040 0.003
SD(W(F)) 40188 0.040 0.003
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40022 0.041 0.002
BFGS(B(I)) 2279 0.032 0.002
BFGS(W(I)) 2466 0.032 0.000
BFGS(W(F)) 3564 0.033 0.001
BFGS(W(Q)) 2960 0.032 0.001
L-BFGS(B(I)) 8801 0.032 0.001
L-BFGS(W(I)) 7634 0.033 0.001
L-BFGS(W(F)) 6944 0.033 0.000
L-BFGS(W(Q)) 7976 0.032 0.000
GA 33085 0.498 0.003
PBIL 97707 0.493 0.000
GSA 29802 0.281 0.508
Random 30302 0.500 0.001

MLP(2,SM) SD(B(I)) 25535 0.004 0.000
SD(W(I)) 33216 0.004 0.001
SD(W(F)) 25042 0.004 0.000
SD(W(Q)) 33460 0.004 0.001
BFGS(B(I)) 146 0.011 0.000
BFGS(W(I)) 174 0.011 0.000
BFGS(W(F)) 230 0.011 0.000
BFGS(W(Q)) 168 0.011 0.000
L-BFGS(B(I)) 287 0.011 0.001
L-BFGS(W(I)) 538 0.013 0.013
L-BFGS(W(F)) 454 0.004 0.000
L-BFGS(W(Q)) 256 0.011 0.001
GA 51544 0.059 0.000
PBIL 36702 0.011 0.000
GSA 153402 0.011 0.001
Random 46502 0.046 0.010

MLP(4) SD(B(I)) 45857 0.028 0.004
SD(W(I)) 51352 0.030 0.009
SD(W(F)) 40190 0.030 0.006
SD(W(Q)) 40012 0.032 0.007
BFGS(B(I)) 7458 0.000 0.003
BFGS(W(I)) 9306 0.006 0.000
BFGS(W(F)) 12142 0.006 0.000
BFGS(W(Q)) 7442 0.005 0.005
L-BFGS(B(I)) 32410 0.003 0.000
L-BFGS(W(I)) 42010 0.008 0.000
L-BFGS(W(F)) 43206 0.004 0.004
L-BFGS(W(Q)) 44494 0.002 0.007
GA 52942 0.499 0.012
PBIL 171919 0.486 0.001
GSA 79202 0.281 0.304
Random 21502 11037.637 3201.286

MLP(4,SM) SD(B(I)) 25989 0.004 0.000
SD(W(I)) 33902 0.004 0.000
SD(W(F)) 24776 0.004 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 32946 0.004 0.001
BFGS(B(I)) 227 0.007 0.000
BFGS(W(I)) 338 0.007 0.000
BFGS(W(F)) 186 0.007 0.000
BFGS(W(Q)) 180 0.007 0.000
L-BFGS(B(I)) 175 0.011 0.000
L-BFGS(W(I)) 440 0.004 0.001
L-BFGS(W(F)) 322 0.004 0.000
L-BFGS(W(Q)) 232 0.007 0.000
GA 20206 0.039 0.004
PBIL 29602 0.014 0.000
GSA 177902 0.011 0.000
Random 26002 0.057 0.000

MLP(8) SD(B(I)) 45856 0.028 0.005
SD(W(I)) 51584 0.029 0.004
SD(W(F)) 40166 0.030 0.006
SD(W(Q)) 40022 0.032 0.007
BFGS(B(I)) 4521 0.000 0.002
BFGS(W(I)) 7332 0.001 0.000
BFGS(W(F)) 10036 0.001 0.000
BFGS(W(Q)) 5784 0.000 0.001
L-BFGS(B(I)) 49203 0.000 0.001
L-BFGS(W(I)) 43792 0.002 0.002
L-BFGS(W(F)) 43224 0.001 0.001
L-BFGS(W(Q)) 44506 0.001 0.018
GA 28972 21557.391 2676.510
PBIL 276627 0.488 0.000
GSA 231402 1.788 2.040
Random 35602 127779.608 7451.997

MLP(8,SM) SD(B(I)) 26750 0.004 0.000
SD(W(I)) 34762 0.004 0.001
SD(W(F)) 24552 0.004 0.001
SD(W(Q)) 32462 0.004 0.001
BFGS(B(I)) 145 0.011 0.000
BFGS(W(I)) 172 0.011 0.000
BFGS(W(F)) 192 0.011 0.000
BFGS(W(Q)) 176 0.011 0.000
L-BFGS(B(I)) 131 0.011 0.000
L-BFGS(W(I)) 316 0.011 0.000
L-BFGS(W(F)) 202 0.011 0.000
L-BFGS(W(Q)) 162 0.011 0.000
GA 50768 0.036 0.000
PBIL 30002 0.014 0.000
GSA 424302 0.017 0.036
Random 31302 0.043 0.000

RBF(2) SD(B(I)) 75 0.052 0.000
SD(W(I)) 92 0.052 0.000
SD(W(F)) 128 0.052 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 104 0.052 0.000
BFGS(B(I)) 30 0.052 0.000
BFGS(W(I)) 30 0.052 0.000
BFGS(W(F)) 96 0.052 0.000
BFGS(W(Q)) 76 0.052 0.000
L-BFGS(B(I)) 35 0.052 0.000
L-BFGS(W(I)) 34 0.052 0.000
L-BFGS(W(F)) 110 0.052 0.000
L-BFGS(W(Q)) 66 0.052 0.000
GA 39846 0.718 1.317
PBIL 17544 0.065 0.082
GSA 85302 0.053 0.022
Random 34202 3.691 1.575

RBF(4) SD(B(I)) 134 0.048 0.000
SD(W(I)) 172 0.048 0.000
SD(W(F)) 156 0.048 0.000
SD(W(Q)) 148 0.048 0.000
BFGS(B(I)) 67 0.048 0.000
BFGS(W(I)) 50 0.048 0.000
BFGS(W(F)) 84 0.048 0.000
BFGS(W(Q)) 82 0.048 0.000
L-BFGS(B(I)) 62 0.048 0.000
L-BFGS(W(I)) 50 0.048 0.000
L-BFGS(W(F)) 106 0.048 0.000
L-BFGS(W(Q)) 74 0.048 0.000
GA 36250 18.971 5.600
PBIL 27670 0.097 0.120
GSA 26802 0.053 0.089
Random 37402 47.345 8.688

RBF(8) SD(B(I)) 340 0.035 0.000
SD(W(I)) 442 0.035 0.000
SD(W(F)) 326 0.035 0.001
SD(W(Q)) 176 0.035 0.001
BFGS(B(I)) 94 0.035 0.000
BFGS(W(I)) 110 0.035 0.000
BFGS(W(F)) 128 0.035 0.000
BFGS(W(Q)) 116 0.035 0.000
L-BFGS(B(I)) 86 0.035 0.000
L-BFGS(W(I)) 86 0.035 0.000
L-BFGS(W(F)) 108 0.035 0.000
L-BFGS(W(Q)) 108 0.035 0.000
GA 28034 68.189 4.986
PBIL 41139 3.138 0.940
GSA 65602 0.066 0.122
Random 41802 81.127 5.003

MAE LinReg SD(B(I)) 7464 0.205 0.031
SD(W(I)) 42226 0.197 0.039
SD(W(F)) 56554 0.198 0.025
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 71576 0.199 0.029
BFGS(B(I)) 44585 0.173 0.021
BFGS(W(I)) 385198 0.173 0.018
BFGS(W(F)) 310760 0.173 0.017
BFGS(W(Q)) 791402 0.173 0.021
L-BFGS(B(I)) 60489 0.177 0.021
L-BFGS(W(I)) 44222 0.177 0.014
L-BFGS(W(F)) 43868 0.177 0.020
L-BFGS(W(Q)) 47186 0.177 0.018
GA 33775 15.187 0.498
PBIL 220899 6.640 0.071
GSA 133202 0.459 0.285
Random 37902 15.240 0.267

LogReg SD(B(I)) 2008 0.022 0.000
SD(W(I)) 2704 0.022 0.000
SD(W(F)) 1818 0.021 0.001
SD(W(Q)) 2446 0.021 0.001
BFGS(B(I)) 103 0.057 0.000
BFGS(W(I)) 41322 0.038 0.007
BFGS(W(F)) 172 0.038 0.000
BFGS(W(Q)) 55104 0.033 0.007
L-BFGS(B(I)) 79 0.029 0.000
L-BFGS(W(I)) 156 0.022 0.000
L-BFGS(W(F)) 120 0.027 0.000
L-BFGS(W(Q)) 100 0.028 0.001
GA 31354 0.054 0.003
PBIL 241761 0.013 0.000
GSA 605102 0.012 0.000
Random 32402 0.092 0.003

MLP(2) SD(B(I)) 16227 0.166 0.025
SD(W(I)) 75118 0.162 0.022
SD(W(F)) 40314 0.163 0.028
SD(W(Q)) 48608 0.163 0.030
BFGS(B(I)) 134606 0.091 0.387
BFGS(W(I)) 129236 0.093 0.039
BFGS(W(F)) 46018 0.093 0.045
BFGS(W(Q)) 74958 0.092 0.056
L-BFGS(B(I)) 111693 0.150 0.049
L-BFGS(W(I)) 50976 0.129 0.053
L-BFGS(W(F)) 44680 0.134 0.053
L-BFGS(W(Q)) 43614 0.135 0.043
GA 44885 0.497 0.008
PBIL 40946 0.497 0.007
GSA 25502 0.448 0.283
Random 30302 0.500 0.000

MLP(2,SM) SD(B(I)) 10096 0.011 0.000
SD(W(I)) 10706 0.011 0.000
SD(W(F)) 8892 0.011 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 10934 0.011 0.001
BFGS(B(I)) 20 0.488 0.000
BFGS(W(I)) 188 0.270 0.000
BFGS(W(F)) 180 0.270 0.000
BFGS(W(Q)) 174 0.270 0.000
L-BFGS(B(I)) 88 0.514 0.000
L-BFGS(W(I)) 150 0.261 0.000
L-BFGS(W(F)) 138 0.263 0.001
L-BFGS(W(Q)) 124 0.268 0.000
GA 38878 0.029 0.082
PBIL 27302 0.014 0.000
GSA 136702 0.014 0.000
Random 46502 0.048 0.005

MLP(4) SD(B(I)) 28884 0.166 0.039
SD(W(I)) 43520 0.155 0.026
SD(W(F)) 40346 0.155 0.032
SD(W(Q)) 69144 0.155 0.029
BFGS(B(I)) 91648 0.012 0.704
BFGS(W(I)) 50134 0.013 1.086
BFGS(W(F)) 46326 0.018 0.127
BFGS(W(Q)) 46428 0.012 0.858
L-BFGS(B(I)) 121312 0.056 0.060
L-BFGS(W(I)) 59440 0.059 0.027
L-BFGS(W(F)) 69544 0.051 0.064
L-BFGS(W(Q)) 65678 0.047 0.072
GA 54157 0.500 0.000
PBIL 165944 0.495 0.008
GSA 110602 0.244 1.085
Random 73202 5.640 0.712

MLP(4,SM) SD(B(I)) 10481 0.011 0.000
SD(W(I)) 13154 0.011 0.000
SD(W(F)) 9338 0.011 0.001
SD(W(Q)) 12362 0.011 0.001
BFGS(B(I)) 155 0.032 0.000
BFGS(W(I)) 198 0.021 0.166
BFGS(W(F)) 154 0.029 0.000
BFGS(W(Q)) 132 0.025 0.000
L-BFGS(B(I)) 73 0.500 0.000
L-BFGS(W(I)) 326 0.014 0.000
L-BFGS(W(F)) 178 0.021 0.000
L-BFGS(W(Q)) 158 0.021 0.000
GA 25276 0.029 0.000
PBIL 31202 0.011 0.000
GSA 188002 0.011 0.000
Random 26002 0.057 0.000

MLP(8) SD(B(I)) 17034 0.179 0.034
SD(W(I)) 43706 0.162 0.028
SD(W(F)) 65272 0.167 0.030
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 72546 0.163 0.040
BFGS(B(I)) 112061 0.012 0.422
BFGS(W(I)) 48218 0.014 0.262
BFGS(W(F)) 45990 0.018 0.501
BFGS(W(Q)) 46414 0.013 0.943
L-BFGS(B(I)) 112691 0.048 0.043
L-BFGS(W(I)) 66184 0.048 0.039
L-BFGS(W(F)) 58600 0.061 0.081
L-BFGS(W(Q)) 62090 0.050 0.025
GA 21327 17.764 1.313
PBIL 223295 0.493 0.011
GSA 211902 1.330 0.943
Random 35602 73.474 3.689

MLP(8,SM) SD(B(I)) 10683 0.011 0.000
SD(W(I)) 13582 0.011 0.001
SD(W(F)) 9856 0.011 0.001
SD(W(Q)) 12914 0.011 0.001
BFGS(B(I)) 565 0.021 0.000
BFGS(W(I)) 196 0.021 0.000
BFGS(W(F)) 148 0.014 0.000
BFGS(W(Q)) 164 0.018 0.000
L-BFGS(B(I)) 287 0.018 0.000
L-BFGS(W(I)) 128 0.014 0.000
L-BFGS(W(F)) 206 0.018 0.000
L-BFGS(W(Q)) 196 0.014 0.000
GA 22610 0.046 0.000
PBIL 32202 0.014 0.000
GSA 227902 0.017 0.030
Random 31302 0.043 0.000

RBF(2) SD(B(I)) 1705 0.146 0.005
SD(W(I)) 41536 0.146 0.005
SD(W(F)) 41966 0.146 0.003
SD(W(Q)) 41608 0.146 0.005
BFGS(B(I)) 10957 0.146 0.004
BFGS(W(I)) 196642 0.146 0.003
BFGS(W(F)) 196428 0.146 0.006
BFGS(W(Q)) 152638 0.146 0.005
L-BFGS(B(I)) 2933 0.146 0.005
L-BFGS(W(I)) 41858 0.146 0.003
L-BFGS(W(F)) 42032 0.146 0.005
L-BFGS(W(Q)) 41404 0.146 0.005
GA 19786 0.978 0.655
PBIL 22835 0.241 0.298
GSA 43602 0.152 0.177
Random 34202 1.656 0.383

RBF(4) SD(B(I)) 1780 0.112 0.010
SD(W(I)) 42202 0.112 0.004
SD(W(F)) 42042 0.112 0.006
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 42538 0.112 0.010
BFGS(B(I)) 8393 0.112 0.009
BFGS(W(I)) 124364 0.112 0.006
BFGS(W(F)) 240636 0.112 0.007
BFGS(W(Q)) 262180 0.112 0.009
L-BFGS(B(I)) 14238 0.112 0.006
L-BFGS(W(I)) 43092 0.112 0.004
L-BFGS(W(F)) 41520 0.112 0.010
L-BFGS(W(Q)) 42410 0.112 0.006
GA 33428 2.815 0.380
PBIL 28225 0.916 0.183
GSA 44602 0.145 0.436
Random 46902 5.195 0.433

RBF(8) SD(B(I)) 45888 0.099 0.014
SD(W(I)) 51590 0.099 0.007
SD(W(F)) 54964 0.099 0.007
SD(W(Q)) 57782 0.099 0.017
BFGS(B(I)) 13333 0.097 0.006
BFGS(W(I)) 362012 0.097 0.005
BFGS(W(F)) 252906 0.097 0.005
BFGS(W(Q)) 226222 0.097 0.005
L-BFGS(B(I)) 44763 0.097 0.008
L-BFGS(W(I)) 43626 0.097 0.011
L-BFGS(W(F)) 44324 0.097 0.013
L-BFGS(W(Q)) 44580 0.097 0.009
GA 61824 4.845 0.242
PBIL 58379 0.331 0.172
GSA 35902 0.147 0.158
Random 44002 6.429 0.236

HL LinReg SD(B(I)) 5601 0.094 0.024
SD(W(I)) 56846 0.081 0.017
SD(W(F)) 40118 0.093 0.035
SD(W(Q)) 62762 0.094 0.035
BFGS(B(I)) 2654 0.000 0.000
BFGS(W(I)) 24680 0.000 0.000
BFGS(W(F)) 36638 0.000 0.000
BFGS(W(Q)) 63792 0.000 0.000
L-BFGS(B(I)) 26507 0.001 0.005
L-BFGS(W(I)) 44642 0.006 0.019
L-BFGS(W(F)) 43144 0.016 0.005
L-BFGS(W(Q)) 43664 0.024 0.014
GA 38037 1.839 0.220
PBIL 186606 0.468 0.009
GSA 112402 0.095 0.024
Random 49002 3.069 0.254

LogReg SD(B(I)) 4489 0.032 0.000
SD(W(I)) 5798 0.032 0.000
SD(W(F)) 3674 0.032 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 6098 0.030 0.001
BFGS(B(I)) 10813 0.062 0.012
BFGS(W(I)) 118 0.072 0.000
BFGS(W(F)) 41362 0.071 0.014
BFGS(W(Q)) 130 0.064 0.002
L-BFGS(B(I)) 76 0.057 0.000
L-BFGS(W(I)) 90 0.054 0.000
L-BFGS(W(F)) 308 0.054 0.027
L-BFGS(W(Q)) 140 0.036 0.000
GA 31354 0.108 0.005
PBIL 241761 0.026 0.000
GSA 932502 0.022 0.000
Random 32402 0.184 0.006

MLP(2) SD(B(I)) 16759 0.080 0.034
SD(W(I)) 49980 0.076 0.026
SD(W(F)) 52194 0.078 0.040
SD(W(Q)) 54100 0.076 0.039
BFGS(B(I)) 69 0.971 0.000
BFGS(W(I)) 446 0.000 0.000
BFGS(W(F)) 384 0.000 0.000
BFGS(W(Q)) 398 0.000 0.000
L-BFGS(B(I)) 22793 0.033 0.031
L-BFGS(W(I)) 43018 0.054 0.061
L-BFGS(W(F)) 44538 0.017 0.062
L-BFGS(W(Q)) 42838 0.014 0.187
GA 40125 0.543 0.010
PBIL 46622 0.511 0.000
GSA 78202 0.074 0.028
Random 48902 0.603 0.011

MLP(2,SM) SD(B(I)) 12329 0.022 0.000
SD(W(I)) 15282 0.022 0.000
SD(W(F)) 11280 0.022 0.001
SD(W(Q)) 14674 0.022 0.001
BFGS(B(I)) 46 1.000 0.000
BFGS(W(I)) 132 0.539 0.000
BFGS(W(F)) 130 0.537 0.001
BFGS(W(Q)) 180 0.536 0.000
L-BFGS(B(I)) 17 1.057 0.000
L-BFGS(W(I)) 150 0.514 0.000
L-BFGS(W(F)) 138 0.529 0.000
L-BFGS(W(Q)) 122 0.521 0.000
GA 38878 0.058 0.163
PBIL 27302 0.029 0.000
GSA 136202 0.029 0.000
Random 46502 0.097 0.010

MLP(4) SD(B(I)) 5359 0.081 0.043
SD(W(I)) 46900 0.077 0.047
SD(W(F)) 58252 0.070 0.041
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 47966 0.077 0.048
BFGS(B(I)) 3340 0.000 0.000
BFGS(W(I)) 352 0.000 0.000
BFGS(W(F)) 304 0.000 0.000
BFGS(W(Q)) 386 0.000 0.000
L-BFGS(B(I)) 9050 0.000 0.000
L-BFGS(W(I)) 42192 0.001 0.066
L-BFGS(W(F)) 826 0.000 0.000
L-BFGS(W(Q)) 42992 0.000 0.055
GA 27383 0.600 0.200
PBIL 33902 0.514 0.001
GSA 174102 0.041 0.025
Random 56702 1.207 0.744

MLP(4,SM) SD(B(I)) 12494 0.022 0.000
SD(W(I)) 16104 0.022 0.001
SD(W(F)) 11838 0.022 0.001
SD(W(Q)) 15772 0.022 0.001
BFGS(B(I)) 150 0.036 0.000
BFGS(W(I)) 168 0.036 0.000
BFGS(W(F)) 324 1.071 0.000
BFGS(W(Q)) 118 0.036 0.000
L-BFGS(B(I)) 108 0.064 0.000
L-BFGS(W(I)) 196 0.036 0.000
L-BFGS(W(F)) 338 0.971 0.000
L-BFGS(W(Q)) 146 0.036 0.000
GA 25276 0.057 0.000
PBIL 31202 0.021 0.000
GSA 239002 0.021 0.000
Random 26002 0.114 0.000

MLP(8) SD(B(I)) 7079 0.086 0.028
SD(W(I)) 78814 0.068 0.035
SD(W(F)) 48464 0.066 0.035
SD(W(Q)) 86138 0.067 0.053
BFGS(B(I)) 319 0.000 0.000
BFGS(W(I)) 42864 0.006 0.010
BFGS(W(F)) 424 0.000 0.000
BFGS(W(Q)) 502 0.000 0.000
L-BFGS(B(I)) 14976 0.000 0.000
L-BFGS(W(I)) 75550 0.000 0.019
L-BFGS(W(F)) 42020 0.009 0.023
L-BFGS(W(Q)) 2414 0.000 0.000
GA 26236 1.116 0.519
PBIL 269643 0.117 0.005
GSA 159702 0.210 0.354
Random 41302 14.531 3.177

MLP(8,SM) SD(B(I)) 13026 0.022 0.000
SD(W(I)) 16818 0.022 0.001
SD(W(F)) 11940 0.022 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 16444 0.022 0.001
BFGS(B(I)) 111 0.029 0.000
BFGS(W(I)) 128 0.036 0.000
BFGS(W(F)) 116 0.036 0.000
BFGS(W(Q)) 254 0.021 0.000
L-BFGS(B(I)) 113 0.036 0.000
L-BFGS(W(I)) 162 0.029 0.000
L-BFGS(W(F)) 160 0.029 0.000
L-BFGS(W(Q)) 202 0.029 0.000
GA 22610 0.093 0.000
PBIL 32202 0.029 0.000
GSA 168002 0.043 0.002
Random 31302 0.086 0.000

RBF(2) SD(B(I)) 18051 0.127 0.002
SD(W(I)) 782 0.127 0.005
SD(W(F)) 402 0.127 0.005
SD(W(Q)) 398 0.127 0.005
BFGS(B(I)) 110 0.127 0.001
BFGS(W(I)) 124 0.127 0.006
BFGS(W(F)) 146 0.127 0.004
BFGS(W(Q)) 16870 0.127 0.005
L-BFGS(B(I)) 114 0.127 0.000
L-BFGS(W(I)) 100 0.127 0.004
L-BFGS(W(F)) 308 0.127 0.000
L-BFGS(W(Q)) 340 0.127 0.000
GA 22706 0.265 0.025
PBIL 19275 0.134 0.007
GSA 21702 0.145 0.008
Random 23802 0.201 0.074

RBF(4) SD(B(I)) 45879 0.132 0.006
SD(W(I)) 42814 0.130 0.005
SD(W(F)) 45500 0.130 0.005
SD(W(Q)) 45120 0.130 0.006
BFGS(B(I)) 18092 0.118 0.002
BFGS(W(I)) 164754 0.127 0.001
BFGS(W(F)) 126784 0.122 0.001
BFGS(W(Q)) 206488 0.124 0.001
L-BFGS(B(I)) 13370 0.129 0.005
L-BFGS(W(I)) 41348 0.129 0.002
L-BFGS(W(F)) 41580 0.129 0.002
L-BFGS(W(Q)) 41624 0.129 0.006
GA 27622 0.377 0.113
PBIL 26788 0.239 0.016
GSA 22702 0.149 0.037
Random 39202 0.689 0.203

RBF(8) SD(B(I)) 45862 0.105 0.010
SD(W(I)) 44082 0.096 0.005
SD(W(F)) 46792 0.096 0.005
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 44162 0.096 0.005
BFGS(B(I)) 71824 0.072 0.005
BFGS(W(I)) 524364 0.074 0.006
BFGS(W(F)) 390266 0.074 0.005
BFGS(W(Q)) 911194 0.074 0.006
L-BFGS(B(I)) 14097 0.076 0.004
L-BFGS(W(I)) 42150 0.074 0.008
L-BFGS(W(F)) 41414 0.091 0.006
L-BFGS(W(Q)) 43712 0.074 0.005
GA 38481 0.330 0.055
PBIL 64667 0.146 0.015
GSA 31402 0.116 0.021
Random 23002 2.000 0.120

HM MSE LinReg SD(B(I)) 198 0.210 0.001
SD(W(I)) 264 0.210 0.000
SD(W(F)) 190 0.210 0.001
SD(W(Q)) 224 0.210 0.000
BFGS(B(I)) 71 0.210 0.000
BFGS(W(I)) 54 0.210 0.000
BFGS(W(F)) 98 0.210 0.000
BFGS(W(Q)) 86 0.210 0.000
L-BFGS(B(I)) 67 0.210 0.000
L-BFGS(W(I)) 66 0.210 0.000
L-BFGS(W(F)) 126 0.210 0.000
L-BFGS(W(Q)) 76 0.210 0.000
GA 20434 19.189 2.384
PBIL 29283 0.337 0.200
GSA 32502 0.220 0.136
Random 21502 66.399 9.788

LogReg SD(B(I)) 593 0.199 0.000
SD(W(I)) 778 0.199 0.000
SD(W(F)) 488 0.199 0.002
SD(W(Q)) 690 0.199 0.001
BFGS(B(I)) 108 0.199 0.000
BFGS(W(I)) 134 0.199 0.000
BFGS(W(F)) 200 0.199 0.000
BFGS(W(Q)) 156 0.199 0.000
L-BFGS(B(I)) 68 0.199 0.000
L-BFGS(W(I)) 100 0.199 0.000
L-BFGS(W(F)) 94 0.199 0.001
L-BFGS(W(Q)) 98 0.199 0.000
GA 22877 0.251 0.007
PBIL 21400 0.235 0.006
GSA 26302 0.201 0.007
Random 21202 0.283 0.016

MLP(2) SD(B(I)) 45852 0.199 0.001
SD(W(I)) 51244 0.199 0.001
SD(W(F)) 40284 0.199 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40054 0.199 0.001
BFGS(B(I)) 3255 0.193 0.002
BFGS(W(I)) 2690 0.194 0.001
BFGS(W(F)) 2628 0.194 0.006
BFGS(W(Q)) 2430 0.194 0.008
L-BFGS(B(I)) 6670 0.195 0.000
L-BFGS(W(I)) 7502 0.195 0.000
L-BFGS(W(F)) 5806 0.196 0.000
L-BFGS(W(Q)) 10030 0.194 0.001
GA 44882 0.464 0.009
PBIL 37386 0.480 0.000
GSA 32502 0.252 0.019
Random 21302 0.495 0.003

MLP(2,SM) SD(B(I)) 45852 0.173 0.001
SD(W(I)) 50494 0.173 0.001
SD(W(F)) 40176 0.173 0.000
SD(W(Q)) 40036 0.173 0.001
BFGS(B(I)) 994 0.174 0.000
BFGS(W(I)) 780 0.173 0.000
BFGS(W(F)) 822 0.172 0.000
BFGS(W(Q)) 536 0.174 0.000
L-BFGS(B(I)) 510 0.173 0.000
L-BFGS(W(I)) 1150 0.169 0.000
L-BFGS(W(F)) 602 0.169 0.001
L-BFGS(W(Q)) 794 0.169 0.001
GA 37436 0.217 0.003
PBIL 39834 0.183 0.001
GSA 20702 0.228 0.008
Random 55902 0.220 0.109

MLP(4) SD(B(I)) 45856 0.189 0.002
SD(W(I)) 51972 0.189 0.005
SD(W(F)) 40190 0.189 0.002
SD(W(Q)) 40046 0.190 0.003
BFGS(B(I)) 10875 0.159 0.007
BFGS(W(I)) 11500 0.157 0.001
BFGS(W(F)) 8328 0.160 0.003
BFGS(W(Q)) 3820 0.160 0.004
L-BFGS(B(I)) 14653 0.155 0.001
L-BFGS(W(I)) 9386 0.165 0.000
L-BFGS(W(F)) 8888 0.169 0.000
L-BFGS(W(Q)) 24758 0.161 0.001
GA 42566 0.492 0.002
PBIL 70048 0.468 0.001
GSA 54402 0.239 0.022
Random 25002 0.758 0.797

MLP(4,SM) SD(B(I)) 45853 0.132 0.001
SD(W(I)) 51384 0.134 0.001
SD(W(F)) 40136 0.134 0.002
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40046 0.136 0.002
BFGS(B(I)) 517 0.167 0.000
BFGS(W(I)) 770 0.176 0.000
BFGS(W(F)) 1856 0.157 0.001
BFGS(W(Q)) 638 0.172 0.002
L-BFGS(B(I)) 688 0.158 0.000
L-BFGS(W(I)) 1544 0.121 0.000
L-BFGS(W(F)) 796 0.158 0.000
L-BFGS(W(Q)) 1050 0.145 0.000
GA 38516 0.221 0.001
PBIL 29623 0.190 0.001
GSA 33602 0.197 0.017
Random 32202 0.229 0.093

MLP(8) SD(B(I)) 45855 0.187 0.004
SD(W(I)) 51852 0.187 0.006
SD(W(F)) 40114 0.187 0.003
SD(W(Q)) 40024 0.188 0.003
BFGS(B(I)) 20661 0.090 0.004
BFGS(W(I)) 19636 0.113 0.002
BFGS(W(F)) 8440 0.121 0.002
BFGS(W(Q)) 14116 0.112 0.003
L-BFGS(B(I)) 48030 0.112 0.003
L-BFGS(W(I)) 20510 0.124 0.001
L-BFGS(W(F)) 24170 0.119 0.000
L-BFGS(W(Q)) 33958 0.118 0.001
GA 41198 0.622 0.288
PBIL 176011 0.465 0.001
GSA 63902 0.238 0.025
Random 22002 13783.255 2139.225

MLP(8,SM) SD(B(I)) 45851 0.129 0.001
SD(W(I)) 51788 0.131 0.001
SD(W(F)) 40124 0.132 0.002
SD(W(Q)) 40060 0.134 0.002
BFGS(B(I)) 434 0.150 0.000
BFGS(W(I)) 920 0.148 0.001
BFGS(W(F)) 1614 0.147 0.000
BFGS(W(Q)) 844 0.140 0.001
L-BFGS(B(I)) 16850 0.117 0.001
L-BFGS(W(I)) 7558 0.137 0.000
L-BFGS(W(F)) 5696 0.137 0.000
L-BFGS(W(Q)) 824 0.130 0.000
GA 31971 0.220 0.000
PBIL 33302 0.160 0.000
GSA 96602 0.214 0.043
Random 21202 0.260 0.000

RBF(2) SD(B(I)) 239 0.249 0.000
SD(W(I)) 296 0.249 0.000
SD(W(F)) 258 0.249 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 226 0.249 0.001
BFGS(B(I)) 53 0.249 0.000
BFGS(W(I)) 28 0.249 0.000
BFGS(W(F)) 106 0.249 0.000
BFGS(W(Q)) 96 0.249 0.000
L-BFGS(B(I)) 53 0.249 0.000
L-BFGS(W(I)) 30 0.249 0.000
L-BFGS(W(F)) 92 0.249 0.000
L-BFGS(W(Q)) 110 0.249 0.000
GA 69110 0.353 0.432
PBIL 18736 0.256 0.025
GSA 36102 0.251 0.072
Random 34202 1.246 0.924

RBF(4) SD(B(I)) 496 0.215 0.000
SD(W(I)) 674 0.215 0.000
SD(W(F)) 496 0.215 0.001
SD(W(Q)) 546 0.215 0.001
BFGS(B(I)) 76 0.215 0.000
BFGS(W(I)) 86 0.215 0.000
BFGS(W(F)) 96 0.215 0.000
BFGS(W(Q)) 116 0.215 0.000
L-BFGS(B(I)) 106 0.215 0.000
L-BFGS(W(I)) 88 0.215 0.000
L-BFGS(W(F)) 110 0.215 0.000
L-BFGS(W(Q)) 96 0.215 0.002
GA 38605 5.091 1.396
PBIL 27237 1.406 0.260
GSA 32302 0.226 0.083
Random 23602 19.223 4.232

RBF(8) SD(B(I)) 564 0.213 0.001
SD(W(I)) 728 0.213 0.000
SD(W(F)) 458 0.213 0.001
SD(W(Q)) 672 0.213 0.001
BFGS(B(I)) 90 0.213 0.000
BFGS(W(I)) 106 0.213 0.000
BFGS(W(F)) 132 0.213 0.000
BFGS(W(Q)) 132 0.213 0.000
L-BFGS(B(I)) 111 0.213 0.000
L-BFGS(W(I)) 100 0.213 0.000
L-BFGS(W(F)) 138 0.213 0.000
L-BFGS(W(Q)) 122 0.213 0.000
GA 25073 29.368 4.665
PBIL 62656 0.713 0.094
GSA 35202 0.234 0.054
Random 41802 40.402 2.044

MAE LinReg SD(B(I)) 1530 0.390 0.014
SD(W(I)) 41854 0.390 0.014
SD(W(F)) 41988 0.390 0.010
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 41502 0.389 0.014
BFGS(B(I)) 12887 0.389 0.018
BFGS(W(I)) 213018 0.389 0.015
BFGS(W(F)) 448984 0.389 0.016
BFGS(W(Q)) 329734 0.389 0.012
L-BFGS(B(I)) 2291 0.389 0.018
L-BFGS(W(I)) 41308 0.389 0.018
L-BFGS(W(F)) 41346 0.389 0.025
L-BFGS(W(Q)) 41406 0.389 0.016
GA 38012 3.867 0.714
PBIL 29839 1.678 0.125
GSA 58902 0.396 0.050
Random 21502 6.244 0.710

LogReg SD(B(I)) 1617 0.261 0.000
SD(W(I)) 2092 0.261 0.001
SD(W(F)) 1298 0.260 0.001
SD(W(Q)) 2284 0.258 0.001
BFGS(B(I)) 10161 0.371 0.009
BFGS(W(I)) 55858 0.280 0.019
BFGS(W(F)) 316 0.280 0.133
BFGS(W(Q)) 324 0.280 0.024
L-BFGS(B(I)) 62 0.230 0.000
L-BFGS(W(I)) 86 0.231 0.000
L-BFGS(W(F)) 122 0.232 0.000
L-BFGS(W(Q)) 104 0.230 0.000
GA 25762 0.273 0.001
PBIL 34785 0.252 0.000
GSA 225502 0.250 0.001
Random 28702 0.317 0.009

MLP(2) SD(B(I)) 2096 0.390 0.019
SD(W(I)) 42580 0.388 0.025
SD(W(F)) 42710 0.390 0.018
SD(W(Q)) 42976 0.390 0.024
BFGS(B(I)) 136219 0.329 0.367
BFGS(W(I)) 104384 0.334 0.051
BFGS(W(F)) 41930 0.353 0.013
BFGS(W(Q)) 127958 0.332 0.059
L-BFGS(B(I)) 59683 0.500 0.000
L-BFGS(W(I)) 42058 0.359 0.050
L-BFGS(W(F)) 44330 0.358 0.067
L-BFGS(W(Q)) 42192 0.363 0.043
GA 32049 0.493 0.005
PBIL 30785 0.432 0.093
GSA 37102 0.463 0.019
Random 41002 0.497 0.012

MLP(2,SM) SD(B(I)) 37373 0.231 0.000
SD(W(I)) 106 0.280 0.000
SD(W(F)) 33352 0.231 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40064 0.232 0.001
BFGS(B(I)) 227 0.490 0.000
BFGS(W(I)) 202 0.230 0.000
BFGS(W(F)) 254 0.270 0.000
BFGS(W(Q)) 206 0.230 0.000
L-BFGS(B(I)) 16801 0.346 0.209
L-BFGS(W(I)) 92 0.270 0.000
L-BFGS(W(F)) 206 0.270 0.000
L-BFGS(W(Q)) 174 0.270 0.000
GA 32456 0.238 0.006
PBIL 25388 0.230 0.000
GSA 73502 0.226 0.017
Random 45802 0.240 0.001

MLP(4) SD(B(I)) 2407 0.392 0.013
SD(W(I)) 41790 0.387 0.014
SD(W(F)) 42292 0.389 0.016
SD(W(Q)) 41904 0.389 0.028
BFGS(B(I)) 70865 0.258 0.140
BFGS(W(I)) 511974 0.272 0.085
BFGS(W(F)) 216292 0.257 0.161
BFGS(W(Q)) 73062 0.282 0.060
L-BFGS(B(I)) 38262 0.355 0.055
L-BFGS(W(I)) 42890 0.357 0.028
L-BFGS(W(F)) 42282 0.357 0.033
L-BFGS(W(Q)) 42144 0.361 0.037
GA 42577 0.496 0.007
PBIL 39794 0.483 0.011
GSA 60502 0.421 0.033
Random 25002 0.564 0.104

MLP(4,SM) SD(B(I)) 37836 0.231 0.000
SD(W(I)) 47856 0.231 0.000
SD(W(F)) 38418 0.231 0.001
SD(W(Q)) 40064 0.232 0.001
BFGS(B(I)) 51 0.500 0.000
BFGS(W(I)) 202 0.385 0.000
BFGS(W(F)) 206 0.385 0.000
BFGS(W(Q)) 166 0.270 0.000
L-BFGS(B(I)) 40 0.500 0.000
L-BFGS(W(I)) 176 0.270 0.001
L-BFGS(W(F)) 180 0.260 0.000
L-BFGS(W(Q)) 142 0.264 0.055
GA 29936 0.230 0.000
PBIL 27198 0.230 0.000
GSA 79002 0.225 0.033
Random 28402 0.260 0.000

MLP(8) SD(B(I)) 8057 0.391 0.025
SD(W(I)) 43652 0.389 0.027
SD(W(F)) 53626 0.391 0.023
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 42590 0.390 0.015
BFGS(B(I)) 83899 0.201 0.504
BFGS(W(I)) 170760 0.244 0.355
BFGS(W(F)) 333784 0.169 0.855
BFGS(W(Q)) 301838 0.217 0.787
L-BFGS(B(I)) 240272 0.342 0.034
L-BFGS(W(I)) 43324 0.348 0.043
L-BFGS(W(F)) 42526 0.348 0.015
L-BFGS(W(Q)) 42316 0.348 0.066
GA 37840 0.526 0.040
PBIL 91348 0.476 0.015
GSA 52102 0.406 0.030
Random 22002 29.629 3.460

MLP(8,SM) SD(B(I)) 37969 0.231 0.000
SD(W(I)) 47842 0.231 0.001
SD(W(F)) 35768 0.231 0.001
SD(W(Q)) 40060 0.232 0.001
BFGS(B(I)) 109 0.280 0.000
BFGS(W(I)) 206 0.280 0.000
BFGS(W(F)) 156 0.280 0.000
BFGS(W(Q)) 160 0.280 0.000
L-BFGS(B(I)) 28 0.480 0.000
L-BFGS(W(I)) 232 0.230 0.000
L-BFGS(W(F)) 166 0.230 0.000
L-BFGS(W(Q)) 148 0.230 0.000
GA 40650 0.230 0.008
PBIL 27502 0.220 0.016
GSA 79402 0.217 0.013
Random 21202 0.260 0.000

RBF(2) SD(B(I)) 3203 0.494 0.018
SD(W(I)) 538 0.480 0.000
SD(W(F)) 568 0.480 0.000
SD(W(Q)) 354 0.480 0.000
BFGS(B(I)) 298 0.480 0.000
BFGS(W(I)) 366 0.480 0.000
BFGS(W(F)) 332 0.480 0.000
BFGS(W(Q)) 304 0.480 0.000
L-BFGS(B(I)) 150 0.480 0.000
L-BFGS(W(I)) 164 0.480 0.013
L-BFGS(W(F)) 302 0.480 0.000
L-BFGS(W(Q)) 294 0.480 0.000
GA 31857 0.772 0.616
PBIL 24516 0.532 0.102
GSA 49502 0.484 0.063
Random 28002 0.884 0.177

RBF(4) SD(B(I)) 8064 0.401 0.011
SD(W(I)) 43332 0.397 0.002
SD(W(F)) 44416 0.401 0.014
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 43642 0.401 0.015
BFGS(B(I)) 13861 0.397 0.012
BFGS(W(I)) 290742 0.397 0.012
BFGS(W(F)) 371404 0.397 0.009
BFGS(W(Q)) 446184 0.397 0.014
L-BFGS(B(I)) 13419 0.397 0.012
L-BFGS(W(I)) 41640 0.397 0.002
L-BFGS(W(F)) 41612 0.397 0.012
L-BFGS(W(Q)) 41370 0.397 0.002
GA 33898 1.934 0.335
PBIL 32722 0.778 0.057
GSA 51802 0.411 0.077
Random 31102 3.213 0.237

RBF(8) SD(B(I)) 27060 0.396 0.019
SD(W(I)) 43658 0.388 0.021
SD(W(F)) 48988 0.389 0.020
SD(W(Q)) 75402 0.390 0.018
BFGS(B(I)) 29374 0.380 0.013
BFGS(W(I)) 289832 0.380 0.010
BFGS(W(F)) 274294 0.380 0.020
BFGS(W(Q)) 403288 0.380 0.017
L-BFGS(B(I)) 8875 0.381 0.031
L-BFGS(W(I)) 41702 0.381 0.015
L-BFGS(W(F)) 41774 0.381 0.025
L-BFGS(W(Q)) 41792 0.381 0.026
GA 31624 3.964 0.173
PBIL 52166 1.032 0.061
GSA 44802 0.396 0.120
Random 31402 4.891 0.362

HL LinReg SD(B(I)) 1875 0.710 0.017
SD(W(I)) 46982 0.707 0.008
SD(W(F)) 44128 0.707 0.012
SD(W(Q)) 42006 0.707 0.016
BFGS(B(I)) 8038 0.707 0.030
BFGS(W(I)) 148994 0.707 0.004
BFGS(W(F)) 76060 0.707 0.006
BFGS(W(Q)) 409794 0.707 0.006
L-BFGS(B(I)) 16693 0.707 0.014
L-BFGS(W(I)) 41540 0.707 0.004
L-BFGS(W(F)) 41312 0.707 0.013
L-BFGS(W(Q)) 41398 0.707 0.013
GA 42964 3.742 0.501
PBIL 29061 1.977 0.110
GSA 27202 0.733 0.167
Random 31402 5.550 0.278

LogReg SD(B(I)) 3791 0.501 0.000
SD(W(I)) 4766 0.501 0.000
SD(W(F)) 2628 0.501 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 5330 0.496 0.001
BFGS(B(I)) 10206 0.741 0.020
BFGS(W(I)) 166 0.560 0.000
BFGS(W(F)) 122 0.560 0.000
BFGS(W(Q)) 536 0.560 0.048
L-BFGS(B(I)) 65 0.460 0.000
L-BFGS(W(I)) 102 0.460 0.000
L-BFGS(W(F)) 41288 0.460 0.140
L-BFGS(W(Q)) 98 0.460 0.000
GA 25762 0.546 0.003
PBIL 34785 0.504 0.001
GSA 239402 0.501 0.002
Random 28702 0.634 0.017

MLP(2) SD(B(I)) 2172 0.711 0.046
SD(W(I)) 43836 0.708 0.025
SD(W(F)) 47478 0.706 0.022
SD(W(Q)) 46286 0.710 0.025
BFGS(B(I)) 293179 0.637 0.070
BFGS(W(I)) 163346 0.628 0.077
BFGS(W(F)) 98946 0.648 0.015
BFGS(W(Q)) 99638 0.645 0.044
L-BFGS(B(I)) 2122 1.000 0.000
L-BFGS(W(I)) 42014 0.668 0.059
L-BFGS(W(F)) 44902 0.666 0.047
L-BFGS(W(Q)) 41712 0.669 0.063
GA 33292 0.938 0.011
PBIL 26213 0.903 0.003
GSA 40102 0.884 0.013
Random 30302 0.946 0.010

MLP(2,SM) SD(B(I)) 45853 0.462 0.001
SD(W(I)) 51714 0.524 0.002
SD(W(F)) 40246 0.462 0.001
SD(W(Q)) 40080 0.463 0.002
BFGS(B(I)) 433 0.500 0.000
BFGS(W(I)) 196 0.460 0.000
BFGS(W(F)) 426 0.680 0.000
BFGS(W(Q)) 178 0.540 0.000
L-BFGS(B(I)) 93 0.540 0.000
L-BFGS(W(I)) 310 0.540 0.000
L-BFGS(W(F)) 392 0.710 0.000
L-BFGS(W(Q)) 150 0.540 0.000
GA 32456 0.477 0.013
PBIL 25388 0.460 0.000
GSA 96202 0.452 0.011
Random 45802 0.480 0.001

MLP(4) SD(B(I)) 3642 0.713 0.041
SD(W(I)) 50756 0.704 0.035
SD(W(F)) 43856 0.706 0.044
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 44654 0.707 0.038
BFGS(B(I)) 176986 0.480 0.221
BFGS(W(I)) 79806 0.484 0.231
BFGS(W(F)) 179152 0.502 0.186
BFGS(W(Q)) 197010 0.496 0.092
L-BFGS(B(I)) 45963 0.577 0.028
L-BFGS(W(I)) 43760 0.582 0.069
L-BFGS(W(F)) 42682 0.566 0.065
L-BFGS(W(Q)) 43650 0.573 0.090
GA 58324 0.939 0.002
PBIL 71214 0.838 0.009
GSA 56602 0.789 0.029
Random 31602 0.980 0.000

MLP(4,SM) SD(B(I)) 45852 0.462 0.001
SD(W(I)) 51956 0.462 0.001
SD(W(F)) 40212 0.462 0.002
SD(W(Q)) 40038 0.463 0.002
BFGS(B(I)) 373 0.980 0.000
BFGS(W(I)) 246 0.560 0.000
BFGS(W(F)) 158 0.770 0.000
BFGS(W(Q)) 160 0.540 0.000
L-BFGS(B(I)) 40 1.000 0.000
L-BFGS(W(I)) 370 0.520 0.000
L-BFGS(W(F)) 198 0.520 0.001
L-BFGS(W(Q)) 146 0.500 0.000
GA 29936 0.460 0.000
PBIL 27198 0.460 0.000
GSA 195402 0.420 0.002
Random 28402 0.520 0.000

MLP(8) SD(B(I)) 19048 0.706 0.031
SD(W(I)) 45792 0.703 0.012
SD(W(F)) 47290 0.707 0.045
SD(W(Q)) 43338 0.706 0.027
BFGS(B(I)) 181344 0.310 0.318
BFGS(W(I)) 80998 0.371 0.264
BFGS(W(F)) 709216 0.360 0.197
BFGS(W(Q)) 386400 0.375 0.043
L-BFGS(B(I)) 115594 0.485 0.136
L-BFGS(W(I)) 43770 0.584 0.055
L-BFGS(W(F)) 47248 0.608 0.157
L-BFGS(W(Q)) 41842 0.653 0.049
GA 20980 0.990 0.000
PBIL 123392 0.815 0.014
GSA 41902 0.713 0.106
Random 22002 32.680 4.360

MLP(8,SM) SD(B(I)) 45852 0.462 0.001
SD(W(I)) 52096 0.462 0.001
SD(W(F)) 40208 0.462 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40074 0.463 0.001
BFGS(B(I)) 103 0.540 0.000
BFGS(W(I)) 312 0.460 0.000
BFGS(W(F)) 204 0.460 0.000
BFGS(W(Q)) 212 0.540 0.000
L-BFGS(B(I)) 295 0.460 0.000
L-BFGS(W(I)) 186 0.460 0.000
L-BFGS(W(F)) 242 0.460 0.000
L-BFGS(W(Q)) 156 0.460 0.000
GA 40650 0.460 0.015
PBIL 27502 0.440 0.032
GSA 56302 0.467 0.065
Random 21202 0.520 0.000

RBF(2) SD(B(I)) 1428 0.961 0.000
SD(W(I)) 892 0.961 0.000
SD(W(F)) 826 0.961 0.000
SD(W(Q)) 968 0.961 0.013
BFGS(B(I)) 247 0.961 0.000
BFGS(W(I)) 132 0.961 0.013
BFGS(W(F)) 266 0.961 0.000
BFGS(W(Q)) 288 0.961 0.013
L-BFGS(B(I)) 115 0.961 0.000
L-BFGS(W(I)) 308 0.961 0.000
L-BFGS(W(F)) 268 0.961 0.013
L-BFGS(W(Q)) 290 0.961 0.000
GA 35464 1.296 0.579
PBIL 18033 0.967 0.014
GSA 58002 0.962 0.038
Random 28002 1.333 0.173

RBF(4) SD(B(I)) 27162 0.737 0.018
SD(W(I)) 44622 0.730 0.013
SD(W(F)) 44306 0.730 0.013
SD(W(Q)) 47582 0.733 0.019
BFGS(B(I)) 9648 0.729 0.016
BFGS(W(I)) 343972 0.729 0.012
BFGS(W(F)) 440138 0.729 0.016
BFGS(W(Q)) 306772 0.729 0.012
L-BFGS(B(I)) 16158 0.729 0.012
L-BFGS(W(I)) 41426 0.729 0.012
L-BFGS(W(F)) 41418 0.729 0.013
L-BFGS(W(Q)) 41418 0.729 0.012
GA 20756 2.284 0.416
PBIL 38122 1.518 0.041
GSA 34502 0.737 0.073
Random 48702 2.708 0.211

RBF(8) SD(B(I)) 3362 0.735 0.020
SD(W(I)) 42770 0.727 0.015
SD(W(F)) 77238 0.727 0.018
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 44014 0.731 0.028
BFGS(B(I)) 15503 0.721 0.007
BFGS(W(I)) 313004 0.721 0.012
BFGS(W(F)) 421000 0.721 0.013
BFGS(W(Q)) 403368 0.721 0.016
L-BFGS(B(I)) 15198 0.721 0.005
L-BFGS(W(I)) 41678 0.722 0.017
L-BFGS(W(F)) 41736 0.721 0.017
L-BFGS(W(Q)) 41582 0.721 0.013
GA 23808 3.403 0.581
PBIL 50301 1.403 0.047
GSA 68902 0.708 0.038
Random 37402 4.463 0.140

Yeast MSE LinReg SD(B(I)) 1141 0.053 0.001
SD(W(I)) 1518 0.053 0.000
SD(W(F)) 946 0.053 0.001
SD(W(Q)) 1412 0.053 0.001
BFGS(B(I)) 163 0.053 0.000
BFGS(W(I)) 202 0.053 0.000
BFGS(W(F)) 252 0.053 0.000
BFGS(W(Q)) 240 0.053 0.000
L-BFGS(B(I)) 157 0.053 0.000
L-BFGS(W(I)) 182 0.053 0.000
L-BFGS(W(F)) 186 0.052 0.001
L-BFGS(W(Q)) 172 0.052 0.000
GA 21315 834.938 25.645
PBIL 256736 76.966 1.951
GSA 104202 0.240 0.120
Random 27402 728.984 15.112

LogReg SD(B(I)) 873 0.040 0.000
SD(W(I)) 1248 0.040 0.001
SD(W(F)) 916 0.040 0.001
SD(W(Q)) 1428 0.038 0.001
BFGS(B(I)) 608 0.040 0.000
BFGS(W(I)) 1606 0.030 0.000
BFGS(W(F)) 2146 0.035 0.000
BFGS(W(Q)) 1648 0.032 0.000
L-BFGS(B(I)) 342 0.025 0.000
L-BFGS(W(I)) 216 0.032 0.001
L-BFGS(W(F)) 196 0.031 0.000
L-BFGS(W(Q)) 272 0.030 0.001
GA 36039 0.090 0.002
PBIL 203254 0.073 0.000
GSA 347402 0.061 0.002
Random 22102 0.122 0.002

MLP(2) SD(B(I)) 421 0.080 0.000
SD(W(I)) 618 0.080 0.000
SD(W(F)) 376 0.080 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 534 0.080 0.000
BFGS(B(I)) 223 0.080 0.000
BFGS(W(I)) 238 0.080 0.000
BFGS(W(F)) 332 0.080 0.000
BFGS(W(Q)) 268 0.080 0.000
L-BFGS(B(I)) 113 0.080 0.000
L-BFGS(W(I)) 124 0.080 0.000
L-BFGS(W(F)) 158 0.080 0.000
L-BFGS(W(Q)) 154 0.080 0.000
GA 46450 0.099 0.001
PBIL 118838 0.094 0.000
GSA 91502 0.090 0.001
Random 50502 0.100 0.001

MLP(2,SM) SD(B(I)) 45 0.081 0.005
SD(W(I)) 72 0.081 0.000
SD(W(F)) 76 0.081 0.001
SD(W(Q)) 58 0.081 0.001
BFGS(B(I)) 56 0.081 0.000
BFGS(W(I)) 110 0.081 0.000
BFGS(W(F)) 174 0.081 0.001
BFGS(W(Q)) 140 0.081 0.000
L-BFGS(B(I)) 39 0.081 0.000
L-BFGS(W(I)) 70 0.081 0.000
L-BFGS(W(F)) 70 0.081 0.000
L-BFGS(W(Q)) 66 0.081 0.000
GA 47829 0.074 0.000
PBIL 130179 0.072 0.000
GSA 33002 0.082 0.001
Random 49902 0.076 0.041

MLP(4) SD(B(I)) 1972 0.065 0.000
SD(W(I)) 2782 0.065 0.000
SD(W(F)) 1666 0.065 0.000
SD(W(Q)) 2710 0.065 0.001
BFGS(B(I)) 442 0.065 0.000
BFGS(W(I)) 694 0.065 0.000
BFGS(W(F)) 482 0.065 0.000
BFGS(W(Q)) 486 0.065 0.000
L-BFGS(B(I)) 654 0.065 0.000
L-BFGS(W(I)) 510 0.065 0.001
L-BFGS(W(F)) 662 0.065 0.000
L-BFGS(W(Q)) 664 0.065 0.001
GA 22289 0.099 0.001
PBIL 195407 0.090 0.001
GSA 49702 0.090 0.001
Random 51902 0.100 0.000

MLP(4,SM) SD(B(I)) 44498 0.014 0.000
SD(W(I)) 20744 0.021 0.001
SD(W(F)) 28952 0.019 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40088 0.016 0.000
BFGS(B(I)) 108 0.074 0.000
BFGS(W(I)) 466 0.067 0.000
BFGS(W(F)) 260 0.074 0.000
BFGS(W(Q)) 194 0.074 0.000
L-BFGS(B(I)) 1278 0.015 0.000
L-BFGS(W(I)) 1874 0.025 0.000
L-BFGS(W(F)) 164 0.066 0.000
L-BFGS(W(Q)) 520 0.048 0.001
GA 36341 0.073 0.002
PBIL 26202 0.070 0.000
GSA 99702 0.085 0.012
Random 27102 0.079 0.003

MLP(8) SD(B(I)) 45853 0.045 0.001
SD(W(I)) 51576 0.045 0.001
SD(W(F)) 40246 0.046 0.001
SD(W(Q)) 40028 0.047 0.001
BFGS(B(I)) 7690 0.036 0.001
BFGS(W(I)) 7002 0.036 0.001
BFGS(W(F)) 14460 0.037 0.000
BFGS(W(Q)) 8348 0.036 0.000
L-BFGS(B(I)) 11724 0.035 0.000
L-BFGS(W(I)) 14004 0.036 0.001
L-BFGS(W(F)) 10146 0.038 0.001
L-BFGS(W(Q)) 12696 0.037 0.001
GA 30159 923.649 476.767
PBIL 370868 0.089 0.002
GSA 114702 0.082 0.003
Random 23202 134795.577 12433.600

MLP(8,SM) SD(B(I)) 19326 0.019 0.000
SD(W(I)) 40568 0.026 0.001
SD(W(F)) 16914 0.019 0.001
SD(W(Q)) 32894 0.018 0.001
BFGS(B(I)) 1437 0.025 0.000
BFGS(W(I)) 1612 0.022 0.000
BFGS(W(F)) 3206 0.027 0.000
BFGS(W(Q)) 1924 0.018 0.000
L-BFGS(B(I)) 1341 0.028 0.000
L-BFGS(W(I)) 2684 0.027 0.000
L-BFGS(W(F)) 2058 0.044 0.000
L-BFGS(W(Q)) 1094 0.019 0.000
GA 48043 0.078 0.000
PBIL 360421 0.058 0.003
GSA 53202 0.107 0.033
Random 32102 0.104 0.020

RBF(2) SD(B(I)) 132 0.080 0.000
SD(W(I)) 168 0.080 0.000
SD(W(F)) 146 0.080 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 138 0.080 0.000
BFGS(B(I)) 53 0.080 0.000
BFGS(W(I)) 38 0.080 0.000
BFGS(W(F)) 84 0.080 0.000
BFGS(W(Q)) 72 0.080 0.000
L-BFGS(B(I)) 53 0.080 0.000
L-BFGS(W(I)) 32 0.080 0.000
L-BFGS(W(F)) 70 0.080 0.000
L-BFGS(W(Q)) 88 0.080 0.000
GA 20234 159.068 8.863
PBIL 89979 0.297 0.109
GSA 70802 0.090 0.055
Random 28302 187.595 8.775

RBF(4) SD(B(I)) 130 0.065 0.001
SD(W(I)) 204 0.065 0.000
SD(W(F)) 170 0.065 0.000
SD(W(Q)) 132 0.065 0.000
BFGS(B(I)) 85 0.065 0.000
BFGS(W(I)) 86 0.065 0.000
BFGS(W(F)) 128 0.065 0.000
BFGS(W(Q)) 100 0.065 0.000
L-BFGS(B(I)) 53 0.065 0.000
L-BFGS(W(I)) 58 0.065 0.000
L-BFGS(W(F)) 82 0.065 0.000
L-BFGS(W(Q)) 84 0.065 0.000
GA 51100 205.560 7.571
PBIL 133224 10.652 0.633
GSA 49202 0.094 0.078
Random 31902 248.449 8.451

RBF(8) SD(B(I)) 1186 0.052 0.000
SD(W(I)) 1600 0.052 0.000
SD(W(F)) 984 0.052 0.001
SD(W(Q)) 1460 0.051 0.001
BFGS(B(I)) 163 0.051 0.000
BFGS(W(I)) 200 0.051 0.000
BFGS(W(F)) 338 0.051 0.000
BFGS(W(Q)) 250 0.051 0.000
L-BFGS(B(I)) 139 0.051 0.000
L-BFGS(W(I)) 202 0.051 0.000
L-BFGS(W(F)) 162 0.051 0.000
L-BFGS(W(Q)) 174 0.051 0.000
GA 23491 200.741 5.814
PBIL 217390 13.010 0.690
GSA 134002 0.132 0.048
Random 50102 239.630 6.221

MAE LinReg SD(B(I)) 45895 0.098 0.041
SD(W(I)) 41498 0.093 0.049
SD(W(F)) 40064 0.093 0.047
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40006 0.094 0.045
BFGS(B(I)) 60614 0.082 0.216
BFGS(W(I)) 133368 0.082 0.207
BFGS(W(F)) 190646 0.082 0.127
BFGS(W(Q)) 183008 0.082 0.139
L-BFGS(B(I)) 49409 0.083 0.233
L-BFGS(W(I)) 42512 0.083 0.176
L-BFGS(W(F)) 44910 0.083 0.071
L-BFGS(W(Q)) 56614 0.083 0.070
GA 19772 20.230 0.364
PBIL 251181 7.708 0.081
GSA 131702 0.274 0.127
Random 27402 20.764 0.318

LogReg SD(B(I)) 35 0.082 0.000
SD(W(I)) 170 0.083 0.000
SD(W(F)) 50 0.082 0.000
SD(W(Q)) 46 0.082 0.000
BFGS(B(I)) 11 0.900 0.000
BFGS(W(I)) 66 0.100 0.000
BFGS(W(F)) 234 0.900 0.503
BFGS(W(Q)) 56 0.100 0.001
L-BFGS(B(I)) 11 0.900 0.000
L-BFGS(W(I)) 74 0.082 0.000
L-BFGS(W(F)) 36 0.082 0.000
L-BFGS(W(Q)) 48 0.082 0.000
GA 30345 0.094 0.002
PBIL 83666 0.077 0.000
GSA 230802 0.075 0.000
Random 22102 0.125 0.003

MLP(2) SD(B(I)) 18961 0.104 0.063
SD(W(I)) 56374 0.102 0.018
SD(W(F)) 57652 0.102 0.018
SD(W(Q)) 59768 0.102 0.039
BFGS(B(I)) 17894 0.100 0.000
BFGS(W(I)) 188230 0.100 0.004
BFGS(W(F)) 61044 0.100 0.101
BFGS(W(Q)) 85392 0.100 0.029
L-BFGS(B(I)) 80840 0.100 0.000
L-BFGS(W(I)) 46336 0.100 0.015
L-BFGS(W(F)) 43566 0.100 0.015
L-BFGS(W(Q)) 42824 0.100 0.019
GA 19121 0.100 0.000
PBIL 20802 0.100 0.000
GSA 32502 0.100 0.000
Random 23202 0.100 0.000

MLP(2,SM) SD(B(I)) 42 0.162 0.000
SD(W(I)) 58 0.162 0.000
SD(W(F)) 442 0.146 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 22422 0.095 0.001
BFGS(B(I)) 21 0.173 0.000
BFGS(W(I)) 110 0.162 0.000
BFGS(W(F)) 134 0.162 0.000
BFGS(W(Q)) 124 0.162 0.000
L-BFGS(B(I)) 122 0.198 0.000
L-BFGS(W(I)) 302 0.145 0.000
L-BFGS(W(F)) 272 0.147 0.000
L-BFGS(W(Q)) 72 0.160 0.006
GA 22693 0.138 0.000
PBIL 162312 0.088 0.000
GSA 87702 0.130 0.012
Random 54202 0.140 0.000

MLP(4) SD(B(I)) 45869 0.103 0.015
SD(W(I)) 41440 0.101 0.014
SD(W(F)) 40042 0.101 0.011
SD(W(Q)) 40138 0.102 0.013
BFGS(B(I)) 178757 0.082 0.128
BFGS(W(I)) 170890 0.082 0.186
BFGS(W(F)) 356786 0.092 0.002
BFGS(W(Q)) 414254 0.092 0.001
L-BFGS(B(I)) 71834 0.092 0.013
L-BFGS(W(I)) 49334 0.092 0.029
L-BFGS(W(F)) 56242 0.092 0.007
L-BFGS(W(Q)) 57830 0.092 0.014
GA 21482 0.100 0.000
PBIL 22102 0.100 0.000
GSA 89502 0.094 0.004
Random 38902 0.100 0.000

MLP(4,SM) SD(B(I)) 1390 0.108 0.000
SD(W(I)) 62 0.164 0.000
SD(W(F)) 412 0.124 0.000
SD(W(Q)) 7548 0.069 0.001
BFGS(B(I)) 246 0.175 0.000
BFGS(W(I)) 230 0.155 0.000
BFGS(W(F)) 550 0.130 0.000
BFGS(W(Q)) 186 0.156 0.000
L-BFGS(B(I)) 73 0.184 0.000
L-BFGS(W(I)) 482 0.112 0.000
L-BFGS(W(F)) 220 0.118 0.000
L-BFGS(W(Q)) 294 0.110 0.000
GA 33274 0.124 0.000
PBIL 37202 0.092 0.000
GSA 22302 0.141 0.011
Random 20302 0.128 0.000

MLP(8) SD(B(I)) 38334 0.104 0.019
SD(W(I)) 66778 0.102 0.021
SD(W(F)) 40052 0.103 0.021
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40266 0.103 0.022
BFGS(B(I)) 180618 0.082 0.064
BFGS(W(I)) 477654 0.082 0.022
BFGS(W(F)) 234390 0.082 0.031
BFGS(W(Q)) 342028 0.082 0.016
L-BFGS(B(I)) 58022 0.082 0.017
L-BFGS(W(I)) 51276 0.082 0.017
L-BFGS(W(F)) 48798 0.082 0.025
L-BFGS(W(Q)) 48910 0.082 0.024
GA 50575 0.728 0.719
PBIL 24602 0.100 0.000
GSA 227702 0.092 0.008
Random 23202 178.271 15.947

MLP(8,SM) SD(B(I)) 2827 0.105 0.000
SD(W(I)) 1324 0.108 0.000
SD(W(F)) 856 0.108 0.000
SD(W(Q)) 1190 0.108 0.001
BFGS(B(I)) 29 0.160 0.000
BFGS(W(I)) 58 0.160 0.000
BFGS(W(F)) 70 0.160 0.000
BFGS(W(Q)) 60 0.160 0.000
L-BFGS(B(I)) 24 0.160 0.000
L-BFGS(W(I)) 164 0.140 0.000
L-BFGS(W(F)) 128 0.148 0.000
L-BFGS(W(Q)) 258 0.158 0.017
GA 22949 0.128 0.000
PBIL 83240 0.092 0.000
GSA 35202 0.132 0.010
Random 22402 0.128 0.000

RBF(2) SD(B(I)) 13968 0.106 0.110
SD(W(I)) 46698 0.106 0.042
SD(W(F)) 45466 0.106 0.075
SD(W(Q)) 46266 0.106 0.081
BFGS(B(I)) 11345 0.093 0.277
BFGS(W(I)) 169596 0.093 0.179
BFGS(W(F)) 234494 0.093 0.286
BFGS(W(Q)) 126476 0.093 0.231
L-BFGS(B(I)) 22346 0.098 0.118
L-BFGS(W(I)) 43752 0.098 0.134
L-BFGS(W(F)) 46314 0.098 0.157
L-BFGS(W(Q)) 46118 0.098 0.137
GA 21953 8.903 0.374
PBIL 68193 0.317 0.219
GSA 49002 0.174 0.320
Random 30902 9.217 0.367

RBF(4) SD(B(I)) 45870 0.115 0.066
SD(W(I)) 47384 0.109 0.102
SD(W(F)) 43428 0.112 0.085

(cont. on next page)

127



Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 53184 0.111 0.129
BFGS(B(I)) 28022 0.082 0.210
BFGS(W(I)) 229762 0.082 0.231
BFGS(W(F)) 211760 0.082 0.140
BFGS(W(Q)) 352110 0.082 0.137
L-BFGS(B(I)) 45047 0.083 0.162
L-BFGS(W(I)) 60494 0.096 0.125
L-BFGS(W(F)) 43410 0.095 0.155
L-BFGS(W(Q)) 49068 0.093 0.180
GA 39019 11.734 0.295
PBIL 127816 1.486 0.078
GSA 74902 0.179 0.193
Random 31902 10.993 0.252

RBF(8) SD(B(I)) 45863 0.105 0.040
SD(W(I)) 41432 0.101 0.051
SD(W(F)) 40036 0.103 0.041
SD(W(Q)) 40074 0.104 0.033
BFGS(B(I)) 86918 0.080 0.062
BFGS(W(I)) 149346 0.080 0.074
BFGS(W(F)) 200204 0.080 0.083
BFGS(W(Q)) 237738 0.080 0.057
L-BFGS(B(I)) 48513 0.082 0.052
L-BFGS(W(I)) 88974 0.082 0.030
L-BFGS(W(F)) 76608 0.082 0.032
L-BFGS(W(Q)) 77432 0.082 0.032
GA 39615 11.202 0.166
PBIL 192807 1.917 0.046
GSA 128402 0.204 0.088
Random 25002 12.936 0.220

HL LinReg SD(B(I)) 5907 0.164 0.022
SD(W(I)) 50332 0.161 0.016
SD(W(F)) 40072 0.161 0.020
SD(W(Q)) 67738 0.164 0.026
BFGS(B(I)) 135375 0.089 0.045
BFGS(W(I)) 517310 0.089 0.014
BFGS(W(F)) 340588 0.089 0.013
BFGS(W(Q)) 628930 0.089 0.004
L-BFGS(B(I)) 63322 0.097 0.015
L-BFGS(W(I)) 46584 0.106 0.015
L-BFGS(W(F)) 42760 0.103 0.013
L-BFGS(W(Q)) 43616 0.105 0.017
GA 31102 7.832 0.103
PBIL 226037 0.955 0.018
GSA 158702 0.159 0.037
Random 21302 10.147 0.209

LogReg SD(B(I)) 39 0.164 0.000
SD(W(I)) 198 0.165 0.000
SD(W(F)) 52 0.164 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 46 0.164 0.000
BFGS(B(I)) 87 0.200 0.000
BFGS(W(I)) 94 0.180 0.000
BFGS(W(F)) 168 0.164 0.000
BFGS(W(Q)) 104 0.164 0.000
L-BFGS(B(I)) 65 0.180 0.000
L-BFGS(W(I)) 80 0.164 0.000
L-BFGS(W(F)) 32 0.164 0.000
L-BFGS(W(Q)) 52 0.164 0.000
GA 30345 0.189 0.003
PBIL 84727 0.154 0.000
GSA 387902 0.150 0.000
Random 22102 0.250 0.007

MLP(2) SD(B(I)) 13905 0.206 0.031
SD(W(I)) 41486 0.201 0.010
SD(W(F)) 57294 0.202 0.024
SD(W(Q)) 55314 0.203 0.024
BFGS(B(I)) 7297 0.200 0.000
BFGS(W(I)) 519598 0.172 0.127
BFGS(W(F)) 204684 0.200 0.000
BFGS(W(Q)) 310578 0.164 0.013
L-BFGS(B(I)) 20040 0.200 0.000
L-BFGS(W(I)) 43752 0.200 0.032
L-BFGS(W(F)) 42596 0.200 0.013
L-BFGS(W(Q)) 43512 0.200 0.008
GA 37253 0.180 0.000
PBIL 36100 0.164 0.000
GSA 33202 0.200 0.000
Random 22502 0.200 0.000

MLP(2,SM) SD(B(I)) 39857 0.202 0.000
SD(W(I)) 56 0.324 0.000
SD(W(F)) 40342 0.183 0.001
SD(W(Q)) 96 0.320 0.016
BFGS(B(I)) 21 0.346 0.000
BFGS(W(I)) 126 0.324 0.000
BFGS(W(F)) 128 0.324 0.000
BFGS(W(Q)) 128 0.324 0.000
L-BFGS(B(I)) 118 0.396 0.000
L-BFGS(W(I)) 224 0.295 0.000
L-BFGS(W(F)) 372 0.292 0.005
L-BFGS(W(Q)) 68 0.324 0.001
GA 22693 0.276 0.000
PBIL 140078 0.162 0.009
GSA 209402 0.225 0.040
Random 54202 0.280 0.000

MLP(4) SD(B(I)) 45889 0.201 0.011
SD(W(I)) 78894 0.164 0.006
SD(W(F)) 40052 0.200 0.012
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 67066 0.201 0.016
BFGS(B(I)) 210501 0.116 0.379
BFGS(W(I)) 868906 0.097 0.048
BFGS(W(F)) 393332 0.164 0.003
BFGS(W(Q)) 226618 0.144 0.005
L-BFGS(B(I)) 80111 0.200 0.000
L-BFGS(W(I)) 44870 0.164 0.004
L-BFGS(W(F)) 46506 0.164 0.008
L-BFGS(W(Q)) 42964 0.164 0.007
GA 28489 0.184 0.000
PBIL 196162 0.164 0.000
GSA 92402 0.164 0.000
Random 38902 0.200 0.000

MLP(4,SM) SD(B(I)) 1982 0.224 0.000
SD(W(I)) 58 0.328 0.001
SD(W(F)) 522 0.248 0.000
SD(W(Q)) 488 0.248 0.000
BFGS(B(I)) 224 0.350 0.000
BFGS(W(I)) 466 0.260 0.000
BFGS(W(F)) 380 0.268 0.000
BFGS(W(Q)) 316 0.260 0.000
L-BFGS(B(I)) 205 0.367 0.000
L-BFGS(W(I)) 344 0.244 0.000
L-BFGS(W(F)) 174 0.276 0.001
L-BFGS(W(Q)) 484 0.224 0.000
GA 33274 0.247 0.001
PBIL 37202 0.184 0.000
GSA 22302 0.281 0.023
Random 20302 0.256 0.000

MLP(8) SD(B(I)) 38543 0.200 0.020
SD(W(I)) 43846 0.164 0.011
SD(W(F)) 40038 0.174 0.044
SD(W(Q)) 40168 0.196 0.029
BFGS(B(I)) 132667 0.026 0.265
BFGS(W(I)) 611558 0.014 0.034
BFGS(W(F)) 806810 0.034 0.082
BFGS(W(Q)) 676922 0.021 0.051
L-BFGS(B(I)) 202841 0.102 0.030
L-BFGS(W(I)) 42160 0.164 0.013
L-BFGS(W(F)) 47502 0.164 0.022
L-BFGS(W(Q)) 42494 0.164 0.028
GA 47140 0.201 0.003
PBIL 30202 0.172 0.000
GSA 194402 0.153 0.001
Random 23202 93.660 7.913

MLP(8,SM) SD(B(I)) 4669 0.177 0.001
SD(W(I)) 1582 0.216 0.000
SD(W(F)) 1062 0.216 0.000
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 1524 0.216 0.001
BFGS(B(I)) 33 0.320 0.000
BFGS(W(I)) 56 0.320 0.000
BFGS(W(F)) 66 0.320 0.000
BFGS(W(Q)) 56 0.320 0.000
L-BFGS(B(I)) 24 0.320 0.000
L-BFGS(W(I)) 164 0.288 0.000
L-BFGS(W(F)) 160 0.288 0.000
L-BFGS(W(Q)) 254 0.292 0.102
GA 22949 0.256 0.000
PBIL 86554 0.176 0.000
GSA 146702 0.245 0.030
Random 22402 0.256 0.000

RBF(2) SD(B(I)) 45873 0.217 0.131
SD(W(I)) 106832 0.192 0.105
SD(W(F)) 44992 0.191 0.041
SD(W(Q)) 65488 0.220 0.063
BFGS(B(I)) 11857 0.180 0.378
BFGS(W(I)) 143552 0.180 0.094
BFGS(W(F)) 216648 0.180 0.058
BFGS(W(Q)) 144146 0.180 0.043
L-BFGS(B(I)) 43594 0.180 0.027
L-BFGS(W(I)) 43370 0.180 0.190
L-BFGS(W(F)) 41834 0.181 0.028
L-BFGS(W(Q)) 42156 0.181 0.032
GA 38375 2.510 0.070
PBIL 67878 0.251 0.044
GSA 34502 0.277 0.120
Random 55802 3.964 0.241

RBF(4) SD(B(I)) 45875 0.183 0.034
SD(W(I)) 55866 0.180 0.085
SD(W(F)) 40136 0.182 0.037
SD(W(Q)) 49784 0.182 0.039
BFGS(B(I)) 210696 0.164 0.179
BFGS(W(I)) 367036 0.164 0.006
BFGS(W(F)) 358964 0.164 0.007
BFGS(W(Q)) 330204 0.164 0.009
L-BFGS(B(I)) 22494 0.164 0.006
L-BFGS(W(I)) 46444 0.164 0.006
L-BFGS(W(F)) 42734 0.164 0.016
L-BFGS(W(Q)) 44886 0.164 0.007
GA 22144 4.003 0.119
PBIL 129269 0.546 0.022
GSA 46502 0.221 0.044
Random 32802 5.361 0.077

RBF(8) SD(B(I)) 45888 0.166 0.013
SD(W(I)) 56806 0.165 0.014
SD(W(F)) 61958 0.165 0.014
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 74690 0.166 0.013
BFGS(B(I)) 68642 0.098 0.007
BFGS(W(I)) 425744 0.106 0.011
BFGS(W(F)) 490724 0.110 0.015
BFGS(W(Q)) 405610 0.107 0.013
L-BFGS(B(I)) 65112 0.131 0.005
L-BFGS(W(I)) 44214 0.139 0.006
L-BFGS(W(F)) 43370 0.134 0.012
L-BFGS(W(Q)) 42752 0.141 0.010
GA 54866 3.325 0.074
PBIL 198770 0.318 0.009
GSA 188002 0.165 0.019
Random 32902 5.325 0.093

CH MSE LinReg SD(B(I)) 37371 0.071 0.000
SD(W(I)) 47908 0.071 0.001
SD(W(F)) 36616 0.071 0.001
SD(W(Q)) 40024 0.071 0.001
BFGS(B(I)) 141 0.071 0.000
BFGS(W(I)) 192 0.071 0.000
BFGS(W(F)) 292 0.071 0.000
BFGS(W(Q)) 228 0.071 0.000
L-BFGS(B(I)) 399 0.071 0.000
L-BFGS(W(I)) 570 0.071 0.000
L-BFGS(W(F)) 540 0.071 0.002
L-BFGS(W(Q)) 460 0.071 0.001
GA 48466 10.298 7.505
PBIL 30953 3.638 0.633
GSA 47702 0.121 0.458
Random 32102 23.347 6.973

MLP(2) SD(B(I)) 45856 0.068 0.002
SD(W(I)) 51710 0.069 0.002
SD(W(F)) 40220 0.069 0.002
SD(W(Q)) 40026 0.069 0.002
BFGS(B(I)) 1540 0.058 0.001
BFGS(W(I)) 946 0.065 0.001
BFGS(W(F)) 1656 0.065 0.000
BFGS(W(Q)) 1008 0.065 0.000
L-BFGS(B(I)) 1911 0.063 0.001
L-BFGS(W(I)) 4838 0.062 0.000
L-BFGS(W(F)) 3228 0.063 0.002
L-BFGS(W(Q)) 2084 0.059 0.000
GA 38025 0.226 5.723
PBIL 39168 0.268 0.000
GSA 66602 0.154 0.018
Random 23002 0.271 0.017

MLP(4) SD(B(I)) 45856 0.068 0.002
SD(W(I)) 51272 0.068 0.002
SD(W(F)) 40140 0.068 0.004
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 40058 0.069 0.003
BFGS(B(I)) 3012 0.048 0.001
BFGS(W(I)) 4024 0.049 0.001
BFGS(W(F)) 2866 0.051 0.000
BFGS(W(Q)) 2154 0.051 0.001
L-BFGS(B(I)) 9762 0.049 0.000
L-BFGS(W(I)) 7046 0.053 0.000
L-BFGS(W(F)) 8722 0.050 0.000
L-BFGS(W(Q)) 7972 0.049 0.001
GA 36494 0.260 0.220
PBIL 33701 0.227 0.062
GSA 31202 0.130 0.062
Random 20602 0.273 0.000

MLP(8) SD(B(I)) 45856 0.067 0.003
SD(W(I)) 52022 0.068 0.003
SD(W(F)) 40168 0.067 0.005
SD(W(Q)) 40030 0.068 0.004
BFGS(B(I)) 4022 0.039 0.002
BFGS(W(I)) 7602 0.042 0.000
BFGS(W(F)) 14122 0.038 0.001
BFGS(W(Q)) 5008 0.040 0.000
L-BFGS(B(I)) 33682 0.039 0.001
L-BFGS(W(I)) 20584 0.044 0.000
L-BFGS(W(F)) 22898 0.039 0.002
L-BFGS(W(Q)) 22162 0.039 0.001
GA 49575 0.273 0.000
PBIL 135615 0.266 0.000
GSA 54802 0.210 0.304
Random 33602 994.489 407.509

RBF(2) SD(B(I)) 250 0.231 0.000
SD(W(I)) 268 0.231 0.000
SD(W(F)) 162 0.231 0.001
SD(W(Q)) 214 0.231 0.001
BFGS(B(I)) 40 0.231 0.000
BFGS(W(I)) 56 0.231 0.000
BFGS(W(F)) 108 0.231 0.000
BFGS(W(Q)) 88 0.231 0.000
L-BFGS(B(I)) 40 0.231 0.000
L-BFGS(W(I)) 64 0.231 0.000
L-BFGS(W(F)) 96 0.231 0.000
L-BFGS(W(Q)) 102 0.231 0.000
GA 66478 0.232 0.046
PBIL 11862 0.231 0.000
GSA 28202 0.231 0.011
Random 32802 0.250 0.202

RBF(4) SD(B(I)) 199 0.231 0.000
SD(W(I)) 252 0.231 0.000
SD(W(F)) 200 0.231 0.001
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 252 0.231 0.001
BFGS(B(I)) 67 0.231 0.000
BFGS(W(I)) 92 0.231 0.000
BFGS(W(F)) 96 0.231 0.000
BFGS(W(Q)) 88 0.231 0.000
L-BFGS(B(I)) 80 0.231 0.000
L-BFGS(W(I)) 120 0.231 0.000
L-BFGS(W(F)) 104 0.231 0.000
L-BFGS(W(Q)) 116 0.231 0.000
GA 39655 0.419 0.533
PBIL 18116 0.254 0.051
GSA 39802 0.232 0.015
Random 58402 1.781 1.534

RBF(8) SD(B(I)) 1744 0.156 0.000
SD(W(I)) 2564 0.156 0.000
SD(W(F)) 1652 0.156 0.001
SD(W(Q)) 2274 0.156 0.001
BFGS(B(I)) 112 0.156 0.000
BFGS(W(I)) 160 0.156 0.000
BFGS(W(F)) 180 0.156 0.000
BFGS(W(Q)) 166 0.156 0.000
L-BFGS(B(I)) 138 0.156 0.000
L-BFGS(W(I)) 238 0.156 0.000
L-BFGS(W(F)) 160 0.156 0.000
L-BFGS(W(Q)) 178 0.156 0.000
GA 64059 5.826 3.021
PBIL 22360 0.267 0.103
GSA 63802 0.162 0.029
Random 38602 7.243 0.968

MAE LinReg SD(B(I)) 6278 0.208 0.017
SD(W(I)) 53664 0.207 0.012
SD(W(F)) 56116 0.207 0.009
SD(W(Q)) 46990 0.207 0.014
BFGS(B(I)) 11755 0.197 0.013
BFGS(W(I)) 41440 0.197 0.002
BFGS(W(F)) 69102 0.197 0.001
BFGS(W(Q)) 112524 0.197 0.001
L-BFGS(B(I)) 17093 0.197 0.002
L-BFGS(W(I)) 42302 0.197 0.009
L-BFGS(W(F)) 41882 0.197 0.015
L-BFGS(W(Q)) 41834 0.197 0.010
GA 31311 2.519 1.126
PBIL 37550 2.897 0.117
GSA 52402 0.223 0.133
Random 38902 3.530 0.463

MLP(2) SD(B(I)) 4516 0.213 0.029
SD(W(I)) 50346 0.213 0.022
SD(W(F)) 53664 0.212 0.020

(cont. on next page)
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 57436 0.211 0.020
BFGS(B(I)) 246804 0.174 0.009
BFGS(W(I)) 42992 0.179 0.009
BFGS(W(F)) 81766 0.184 0.006
BFGS(W(Q)) 76448 0.172 0.023
L-BFGS(B(I)) 27970 0.451 0.000
L-BFGS(W(I)) 42402 0.197 0.034
L-BFGS(W(F)) 43296 0.197 0.162
L-BFGS(W(Q)) 41686 0.200 0.026
GA 62899 0.403 3.550
PBIL 24093 0.444 0.625
GSA 34202 0.275 0.096
Random 54402 0.446 0.014

MLP(4) SD(B(I)) 14771 0.213 0.020
SD(W(I)) 69910 0.211 0.020
SD(W(F)) 40410 0.211 0.020
SD(W(Q)) 56352 0.216 0.023
BFGS(B(I)) 97223 0.153 0.125
BFGS(W(I)) 62312 0.167 0.028
BFGS(W(F)) 62408 0.166 0.012
BFGS(W(Q)) 97942 0.157 0.028
L-BFGS(B(I)) 73389 0.172 0.011
L-BFGS(W(I)) 43446 0.190 0.025
L-BFGS(W(F)) 42142 0.198 0.007
L-BFGS(W(Q)) 43978 0.186 0.011
GA 21246 0.406 1.641
PBIL 40475 0.443 0.006
GSA 32702 0.274 0.090
Random 20602 0.451 0.000

MLP(8) SD(B(I)) 9149 0.209 0.031
SD(W(I)) 53942 0.208 0.021
SD(W(F)) 47974 0.208 0.022
SD(W(Q)) 47290 0.208 0.022
BFGS(B(I)) 91993 0.130 0.123
BFGS(W(I)) 262444 0.138 0.117
BFGS(W(F)) 116222 0.136 0.074
BFGS(W(Q)) 124840 0.136 0.160
L-BFGS(B(I)) 142755 0.404 0.009
L-BFGS(W(I)) 45336 0.173 0.014
L-BFGS(W(F)) 45256 0.169 0.026
L-BFGS(W(Q)) 43416 0.177 0.015
GA 47463 0.450 0.001
PBIL 124186 0.255 0.603
GSA 62802 0.232 0.158
Random 33602 5.194 1.480

RBF(2) SD(B(I)) 1288 0.371 0.001
SD(W(I)) 41558 0.371 0.002
SD(W(F)) 41514 0.371 0.001

(cont. on next page)
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Table B.1 (cont.)

Dataset 𝜉 Model Optimizer 𝜉𝑐 + 𝜉′
𝑐 𝜉(𝑓(𝑋), 𝑌 ) ‖𝜉′(𝑓(𝑋), 𝑌 )‖

SD(W(Q)) 41532 0.371 0.001
BFGS(B(I)) 1316 0.371 0.002
BFGS(W(I)) 80120 0.371 0.001
BFGS(W(F)) 99134 0.371 0.001
BFGS(W(Q)) 138260 0.371 0.005
L-BFGS(B(I)) 1455 0.371 0.005
L-BFGS(W(I)) 41454 0.371 0.001
L-BFGS(W(F)) 41288 0.371 0.005
L-BFGS(W(Q)) 41270 0.371 0.002
GA 23248 0.373 0.093
PBIL 10685 0.371 0.001
GSA 25202 0.371 0.005
Random 34802 0.389 0.100

RBF(4) SD(B(I)) 28360 0.371 0.006
SD(W(I)) 43804 0.371 0.005
SD(W(F)) 41924 0.371 0.005
SD(W(Q)) 41834 0.371 0.006
BFGS(B(I)) 4165 0.371 0.005
BFGS(W(I)) 97138 0.371 0.004
BFGS(W(F)) 41348 0.371 0.004
BFGS(W(Q)) 57364 0.371 0.001
L-BFGS(B(I)) 11422 0.371 0.001
L-BFGS(W(I)) 41298 0.371 0.005
L-BFGS(W(F)) 41580 0.371 0.004
L-BFGS(W(Q)) 41414 0.371 0.001
GA 82613 0.600 0.573
PBIL 22974 0.371 0.005
GSA 44102 0.371 0.046
Random 58402 0.955 0.537

RBF(8) SD(B(I)) 3608 0.295 0.006
SD(W(I)) 44384 0.295 0.006
SD(W(F)) 44360 0.295 0.006
SD(W(Q)) 43958 0.295 0.005
BFGS(B(I)) 11258 0.294 0.003
BFGS(W(I)) 248482 0.294 0.002
BFGS(W(F)) 324878 0.294 0.002
BFGS(W(Q)) 137986 0.294 0.005
L-BFGS(B(I)) 12111 0.294 0.004
L-BFGS(W(I)) 41702 0.294 0.005
L-BFGS(W(F)) 41576 0.295 0.002
L-BFGS(W(Q)) 41714 0.294 0.009
GA 27721 1.723 0.307
PBIL 26343 0.341 0.028
GSA 64302 0.303 0.024
Random 38602 2.340 0.203
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